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Introduction

This book is designed to be read as a single document, in the order in which the chapters appear. In
each chapter questions, examples, definitions etc. are on a common numbering system, meaning
that Definition 4.7 is the 7th text box in Chapter 4. Similarly figures are on a separate common
numbering system, so that Figure 7.12 is the 12th picture in Chapter 7. This book also appears in
pdf format on Moodle, in which all references are hyperlinked for easier navigation.

At the end of each chapter is a summary, which explains how the content of the chapter fits into the
Leaving Cert syllabus and maps onto past (and possibly future) exam questions. There is also a
set of homework problems (separated by section) with solutions provided at the end of the chapter.
This is to be completed as we work through the chapter. There is also a revision section at the end
of each chapter for students re-reading the chapter or preparing for a test, as well as a section with
harder problems for the more ambitious student.

This book is comprehensive, assuming no knowledge of Maths beyond the basics of Junior Cycle
and so you don’t need any other book or notes to study for the course. It is also designed so that it
can be read as revision weeks or months after we first cover them. As such you shouldn’t need to
spend much time taking notes and can instead concentrate on the class. However you may want to
take notes occasionally if there is something mentioned in class that isn’t covered clearly in the book.

If you have any questions you can reach me at bwilliamson@instituteofeducation.ie.
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8. Indices and Logarithms

8.1 Powers of x, and x as a Power
So far this year we have avoided an indepth study of powers, or indices. Here will study how
powers behave, for example if we want to simplify x3x4, as well as study how expressions such as
2x or 3x behave as x varies. Throughout this chapter we will use the following terms.

Definition 8.1 For the term xn, we say that x is the base and n is the index (plural indices) or
power.

8.2 Integer Rules of Indices
When multiplying powers of x there are certain rules we can use so that we don’t need ro rely on
first principles. For example,

x3x4 = x× x× x︸ ︷︷ ︸
3

×x× x× x× x︸ ︷︷ ︸
4

= x7.

Similarly,

x4x6 = x× x× x× x︸ ︷︷ ︸
4

×x× x× x× x× x× x︸ ︷︷ ︸
6

= x10.

Noticing the pattern here, we have our first rule.

Rule 8.2 For any m,n ∈ N,

xmxn = xm+n.
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Question 8.3 Write the following expressions as xn for some n ∈ N.

x5x4

x1x7

x2x9

x3x2x4

As powers are just repeated multiplication, see that(
x4)3

= x4x4x4︸ ︷︷ ︸
3

= x12.

Similarly (
x5)6

= x5x5x5x5x5x5︸ ︷︷ ︸
6

= x30.

Noticing the pattern, the powers get multiplied to give the new power of x. This gives us our second
rule which we add to the first.

Rule 8.4 For any m,n ∈ N,

xmxn = xm+n,

(∗) (xm)n = xmn.

Question 8.5 Write the following expressions as xn for some n ∈ N.(
x3)2(
x3)6(
x2)5

x7 (x3)2(
x3x2)4

We can apply a similar logic to fractions as we do to products. See that

x5

x2 =
���x× x× x× x× x

���x× x
= x× x× x

= x3.

Similarly,

x8

x3 =
((((x× x× x× x× x× x× x× x

((((x× x× x
= x× x× x× x× x

= x5.

Noticing the pattern, we subtract the power in the denominator from the power in the numerator to
give us the new power of x. This gives our third rule to add to our collection.



8.2 Integer Rules of Indices 369

Rule 8.6 For any m,n ∈ N,

xmxn = xm+n,

(∗) xm

xn = xm−n if m > n,

(xm)n = xmn.

Question 8.7 Write the following expressions as xn for some n ∈ N.

x6

x3

x7

x4

x9

x2

x5

x

x8

x3x2

x2x5

x3

What if we apply the last rule when we don’t have m > n? If we did, we would get weird answers.
See that using the last rule gives us

x4

x4 = x0,

x4

x5 = x−1,

x4

x7 = x−3.

So what are x0,x−1,x−3? To understand non-positive powers of x consider the following progres-
sion.

x−4 x−3 x−2 x−1 x0 x1 x2 x3 x4

x2 x3 x4x1111
x

1
x2

1
x3

1
x4

Figure 8.1

On the top row, when we move to the right we increase the power by 1. On the bottom row when
we move to the right we multiply by x. In the case of positive powers at least, we should understand
that “increasing the power by one” and “multiplying by x” are the same. Similarly on the top
row, when we move to the left we decrease the power by 1. On the bottom row when we move to
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the left we divide by x. Again, in the case of positive powers at least, we should understand that
“decreasing the power by one” and “dividing by x” are the same. What we are saying here is that
we can continue this pattern to the left in Figure 8.1 to understand negative powers of x.

Another way of considering negative powers of x is as follows. Rather than thinking of x3 as “three
x’s multiplied together”, think of it as being equal to what you get when you “start with 1 and
multiply by x, 3 times”. Therefore x−3 is what you get when you “start with 1 and multiply by x,
−3 times”. While this sounds odd, in maths doing something a negative number of times is like
doing its opposite that positive number of times. Therefore “multiply by x, −3 times” is the same
as “divide by x, 3 times”. Therefore x−3 = 1

x3 .

This definition also agrees with our rule xm

xn = xm−n for m≤ n. Calculating the fractions below using
the rule (on the right) and more traditional algebra (on the left) we see that both answers line up
appear together on the number line in all cases.

1 =
x4

x4 = x0,

1
x
=

x4

x5 = x−1,

1
x3 =

x4

x7 = x−3.

This gives us the following update to our list of rules.

Rule 8.8 For any m,n ∈ N,

xmxn = xm+n,

(∗) xm

xn = xm−n,

(xm)n = xmn,

(∗) x0 = 1,

(∗) x−n =
1
xn .

Question 8.9 Write the following expressions as xn for some n ∈ Z

x2

x5

x2

x3

x3

x5

x5

x5
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Question 8.10 Write the following as 1
xn for some n ∈ N.

x−1

x−3

x−7

Question 8.11 Write the following without indices.

2−2

4−3

5−1

2−4

80

8.3 Fractional Rules of Indices
When studying the difference of two squares and the difference/sum of two cubes we glanced at the
idea of taking the square or cube root of powers of x. For example, when factorising x4−y6 we had

x4− y6 =
(
x2)2− (y3)2

= (x2− y3)(x2 + y3).

The reason x2 went inside the bracket on the first line was because it was the square root of x4, i.e.
√

x4 = x2.

Similarly √
y6 = y3.

In general, it would seem that
√

xm = x
m
2 .

Similarly when factorising x6− y9 using the difference of two cubes we had

x6− y9 = (x2)3− (y3)3

= (x2− y3)((x2)2 + x2y3 +(y3)2)

precisely because

3
√

x6 = x2,

3
√

y9 = y3.

In general,

3
√

xm = x
m
3 .
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Following this pattern, we could say that

n
√

xm = x
m
n ,

at least when m
n is an integer. But much like the rule

xm

xn = xm−n

leading us to define negative powers of x, we will also consider fractional powers of x that arise
from this formula. For example,

√
x = x

1
2 ,

3
√

x7 = x
7
3 .

This gives us another rule to add to our list.

Rule 8.12 For any m,n ∈ N,

xmxn = xm+n,

xm

xn = xm−n,

(xm)n = xmn,

x0 = 1,

x−n =
1
xn ,

(∗) n
√

xm = x
m
n .

We will quite often use this rule in reverse. For example, if asked to calculate 8
2
3 we understand that

8
2
3 =

3
√

82

=
3
√

64

= 4.

It also holds that we can take the root first and then apply the power;

8
2
3 =

3
√

8
2

= 22

= 4,

giving us yet another update to our list of rules.
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Rule 8.13 For any m,n ∈ N,

xmxn = xm+n,

xm

xn = xm−n,

(xm)n = xmn,

x0 = 1,

x−n =
1
xn ,

(∗) n
√

xm = n
√

xm
= x

m
n .

Question 8.14 Write the following in the form n
√

xm or n
√

xm for some m,n ∈ N.

x
7
3

x
2
5

x
1
4

Question 8.15 Calculate the following without a calculator.

9
1
2

8
1
3

27
2
3

4
5
2

8.4 Combining Indices with Multiplication/Division
This year we have already used the fact that, for example,

(3x)2 = 9x2,

i.e. in squaring the 3x we square the 3 and square the x. This is true in general for any factors and
for any power; for any a, b and any power n we

(ab)n = anbn.

Example 8.16 Get rid of the brackets in the following expression.

(2y)3

(2y)3 = 8y3.
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Example 8.17 Get rid of the brackets in the following expression.(
4x3)2

(
4x3)2

= 42 (x3)2

= 16x6.

There is a similar rule for fractions;

(a
b

)n
=

an

bn .

Example 8.18 Get rid of the brackets in the following expression.(
3
4

)2

(
3
4

)2

=
9
16

.

Example 8.19 Get rid of the brackets in the following expression.( x
2

)3

( x
2

)3
=

x3

8
.

These two final rules are added to our list of rules below.

Rule 8.20 — Rules of Indices (pg. 21 of Formulae & Tables). For any m,n ∈ N,

xmxn = xm+n,

xm

xn = xm−n,

(xm)n = xmn,

x0 = 1,

x−n =
1
xn ,

n
√

xm = n
√

xm
= x

m
n ,

(∗) (xy)n = xnyn,

(∗)
(

x
y

)n

=
xn

yn .

These rules appear in the following form on page 21 of Formulae and Tables.
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Figure 8.2

Question 8.21 Get rid of the brackets in the following expressions.

(5x)2

(3y)3

(4z2)2( x
3

)2

(
2
y

)3

(
x
y2

)4

(
x
3y

)2
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These last two rules also apply to non-integer powers, which also means they apply to roots.

Example 8.22 Get rid of the brackets in the following expression.(
9
4

) 3
2

(
9
4

) 3
2

=
9

3
2

4
3
2

=

√
9

3

√
4

3

=
33

23

=
27
8
.

Example 8.23 Write the following expression without a root.√
64
49

.

We could say that √
64
49

=

(
64
49

) 1
2

=
64

1
2

49
1
2

=

√
64√
49

=
8
7
.

However this is unnecessarily long winded. We can simply understand that roots act like powers
and say √

64
49

=

√
64√
49

=
8
7
.
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Example 8.24 Write the following expression without a root.

3
√

8x6

3
√

8x6 =
3
√

8 3
√

x6

= 2x2.

Question 8.25 Write the following expressions without a root.
√

4x2

3
√

27y6√
x2

y4√
16
9

3

√
27
8

3

√
x6

8
.

8.5 Simplifying Expressions Involving Indices
Now that we have all of our rules of indices we can combine them to simplify expressions involving
powers.

Example 8.26 Write the expression

(x2x3)5

x9

as xn for some n ∈Q.

(x2x3)5

x9 =
(x5)5

x9

=
x25

x9

= x16.
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Sometimes these expressions will be include roots that are not written as powers. In that case we
need to write them as powers ourselves.

Example 8.27 Write the expression (
x2√x

)9

as xn for some n ∈Q.

(
x2√x

)9
=
(

x2x
1
2

)9

=
(

x
5
2

)9

= x
45
2 .

Example 8.28 Write the expression

3

√
x5x4

x3

as xn for some n ∈Q.

3

√
x5x4

x3 =

(
x9

x3

) 1
3

=
(
x6) 1

3

= x2.

Question 8.29 Write the expression

x2x3

x9

as xn for some n ∈Q.

Question 8.30 Write the expression

x 3
√

x5

x2

as xn for some n ∈Q.

Question 8.31 Write the expression √
(x2)3x

as xn for some n ∈Q.
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Sometimes in these expressions the base is known but there are variables in some of the powers. In
this case it is unwise to calculate the expressions directly; it is better to leave them as powers so
that we can simplify the expression.

Example 8.32 Write the expression

232x

27

as 2ax+b for some a,b ∈Q.

We don’t want to replace 23 with 8 or 27 with 128; we want to keep all terms as a power of 2.

232x

27 =
23+x

27

= 23+x−7

= 2x−4.

Example 8.33 Write the expression (√
3x

33

)3

as 3ax+b for some a,b ∈Q.

(√
3x

33

)3

=

(
(3x)

1
2

33

)3

=

(
3

x
2

33

)3

=
(

3
x
2−3
)3

= 33( x
2−3)

= 3
3x
2 −9.

Sometimes not all expressions will have the same base to begin with. In this case our first job is
to write all expressions as powers of the same base. To help us with this we have the following
rule.

Rule 8.34 When simplifying indices expressions involve multiple bases,

1. Write each piece of the expression as a power of the same base. Usually the base will be
the smallest of the bases shown.

2. Use the Rules of Indices to write the expression as a single base to a single power.
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Example 8.35 Write the expression

2x27

4

as 2ax+b for some a,b ∈Q.

By Rule 8.34 we should try to write 4 as a power of 2. We can do this; 22 = 4. Then

2x27

4
=

2x27

22

=
2x+7

22

= 2x+7−2

= 2x+5.

Example 8.36 Write the expression
√

3(3x)

27

as 3ax+b for some a,b ∈Q.

By Rule 8.34 we should try to write 27 as a power of 3. We can do this; 33 = 27. Then
√

3(3x)

27
=

3
1
2 (3x)

33

=
3

1
2+x

33

= 3
1
2+x−3

= 3x− 5
2 .

Based on what we have done so far there is no easy way to know that 27 = 33 except by checking
(we will solve this problem later). However once we know by Rule 8.34 that we should write every
expression as a power of 3, we know that we should write 27 as “3 to the power of something”.
Then it’s just a matter of checking which power of 3 is equal to 27.
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Example 8.37 Write the expression
√

8(2x)

16

as 2ax+b for some a,b ∈Q.

√
8(2x)

16
=

√
23(2x)

24

=
2

3
2 2x

24

=
2

3
2+x

24

= 2
3
2+x−4

= 2x− 5
2 .

Question 8.38 Write the expression

2x

23

as 2ax+b for some a,b ∈Q.

Question 8.39 Write the expression

9
√

35x

34

as 3ax+b for some a,b ∈Q.

Question 8.40 Write the expression (
(125x) 4

√
5

5

)3

as 5ax+b for some a,b ∈Q.

Question 8.41 Write the expression

3x
√

27 3
√

9

as 3ax+b for some a,b ∈Q.

More difficult problems of this type will have more than two bases, where it is impossible to
easily write the larger as a power of the smaller. In this case we abandon Rule 8.34 and use Rule
8.42.
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Rule 8.42 If, when simplifying indices expressions involving multiple bases, it is impossible to
write all larger bases as powers of the smaller base, write all bases as powers of an even smaller
base not present in the expression.

Example 8.43 Write the expression

4x
√

8

as pax+b for some a,b ∈Q, p ∈ N.

Here we cannot easily write 8 as a power of 4. However we can write both as a power of 2.

4x
√

8 = (22)x
√

23

= 22x2
3
2

= 22x+ 3
2 .

Example 8.44 Write the expression

27x

81

as pax+b for some a,b ∈Q, p ∈ N.

Here both powers can be written as a power of 3.

27x

81
=

(33)x

34

=
33x

34

= 33x−4.

Example 8.45 Write the expression
√

216
36x

as pax+b for some a,b ∈Q, p ∈ N.

√
216

36x =

√
63

(62)x

=
6

3
2

62x

= 6
3
2−2x.
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Question 8.46 Write the expression

4x
√

8

as pax+b for some a,b ∈Q, p ∈ N.

Question 8.47 Write the expression

8x 3
√

16

as pax+b for some a,b ∈Q, p ∈ N.

Question 8.48 Write the expression

125
25x

as pax+b for some a,b ∈Q, p ∈ N.

8.6 Solving Equations Involving Indices
There are many equations involving indices, but for now we will focus on equations that contain
only one term on each side of the equals sign. Those terms will look like those we simplified in
Section 8.5. For example, the equation

2x

23 = 24
√

2

or

9
3x =

27x

3

We solve these equations in four steps.

Rule 8.49 To solve equations involving indices,

1. Write every term on both sides of the equals sign as a power of the same base.

2. Simplify both sides of the equals sign so that both sides only have one term which is a
base to a certain power.

3. Set the powers on both sides of the equals sign to each other.

4. Solve the resulting equation for x.
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Example 8.50 Solve the equation

9
3x =

27x

3
.

1. Writing every term as a power of 3,

9
3x =

27x

3

⇒ 32

3x =
(33)x

31 .

2. Simplifying both sides,

32

3x =
(33)x

31

⇒ 32−x =
33x

31

⇒ 32−x = 33x−1.

3. Setting the two powers equal to each other,

2− x = 3x−1.

4. Solving this equation,

2− x = 3x−1

⇒ 3 = 4x

⇒ 3
4
= x.

Example 8.51 Solve the equation

125
√

5 =
3
√

5x.

1. Writing every term as a power of 5,

125
√

5 =
3
√

5x

⇒ 535
1
2 = 5

x
3 .

2. Simplifying both sides,

535
1
2 = 5

x
3

⇒ 5
7
2 = 5

x
3 .
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3. Setting the two powers equal to each other,

7
2
=

x
3
.

4. Solving this equation,

7
2
=

x
3

⇒ 21
2

= x.

Just like in the previous section, sometimes its not as simple as choosing the smallest base in the
equation to be the base for all terms.

Example 8.52 Solve the equation

8
4x = 16.

1. We can’t easily write 8 as a power of 4, so writing every term as a power of 2,

8
4x = 16

⇒ 23

(22)x = 24.

2. Simplifying both sides,

23

(22)x = 24

⇒ 23

22x = 24

⇒ 23−2x = 24.

3. Setting the two powers equal to each other,

3−2x = 4.

4. Solving this equation,

3−2x = 4

⇒−1 = 2x

⇒−1
2
= x.
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Question 8.53 Solve the following equations.

8
√

2 = 4x

6√
6
= 216x

10x
√

1000
= 1003−x.

8.7 Logarithms
Earlier in this chapter we said “Based on what we have done so far there is no easy way there is no
easy way to know that 27 = 33 except by checking”. We will now solve that problem.

Definition 8.54 The logarithm function loga x (read as “log of x to the base a”) finds the solution
b to the equation ab = x. In otherwords, loga x is the inverse of the ax function.

This is stated on the top right of page 21 of Formulae & Tables.

Figure 8.3

The logarithm function can be found on your calculator, usually denoted log��. Both numbers
have to be inputted into the calculator in their respective positions.
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Example 8.55 Find the solution to 3x = 243.

3x = 243

⇒ x = log3 243

= 5.

Note 8.56 See that as log3 x is the inverse to the 3x function, what we are doing here is the same
as what we did when we studied manipulation of formulae in Section 5.3. We are “unpacking”
to get x by bringing the function to the other side, and in doing so replacing it with its inverse.

Note 8.57 When we ask our calculator, for example, what log3 243 is, we are asking “3 to the
power of what equals 243?” When the calculator returns 5, it is saying “3 to the power of 5
equals 243?”.

Question 8.58 Find the solution to the following equations.

3x = 81

2x = 128

5x = 3125

The logarithm function can also be used when the solution is not an integer.

Question 8.59 Find the solution to the following equations. Do you find the solutions believable?

4x = 8

27x = 9

5x = 1

10x = 0.001

2x = 5

Note 8.60 In the final example above, the solution to 2x = 5 is approximately x = 2.3219. Even
though the entire decimal can’t be written as a fraction, and we only understand 2x when x is a
fraction, what it is saying is that better fractional approximations to this decimal make 2x closer
to 5. See that

22.3 = 4.92,

22.32 = 4.993,

22.321 = 4.9968,

22.319 = 4.9999.

Each of these decimals can be written as fractions as they terminate, and so can be understood as
powers of roots of 2. The idea of 2x when x is irrational is largely glossed over at a Leaving Cert
level, but the curious student can understood 2x for x irrational as the limit of 2

p
q for fractions p

q
getting closer and closer to x.
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Note 8.61 The logarithm function loga x is only defined when a > 0 and a 6= 1, although in
practice we will only deal with loga for a = 2,3,4, . . . and one other value e≈ 2.718 that we will
discuss later. It is also only defined for x > 0, as the question “a to the power of what equals x”
only makes sense if x > 0, as ab > 0 for all b ∈ R.

8.8 Logarithm Rules
Much like with indices, there are a number of rules for logarithmic functions. They are given in the
middle and right column of page 21 of Formulae & Tables.

Figure 8.4

Note 8.62 The intuition for the first rule in the middle column is as follows. We know that
log2 8 = 3 and log2 16 = 4, possibly even without a calculator by knowing that 23 = 8 and
24 = 16. As 8×16 = 128, if we then ask what log2 128 it makes sense that the answer is 7, as if
8 = 23 and 16 = 24 then 128 = 27.

More generally, if loga x = b, loga y = c, then x = ab, y = ac. Then xy = abac = ab+c, and so the
answer to loga(xy), i.e. the question “a to the power of what is xy” is “b+ c”.

The second rule has a similar intuition as the first, and the third can be argued for q ∈ N by a
repeated application of the first (although it is true for all q ∈ R).

The fourth rule is a consequence of a0 = 1 for all a 6= 0. If we ask what loga 1 is, we are asking
“a to the power of what equals 1?” The answer is 0.

The fifth rule is a combination of the second and fourth, with x replaced with 1 and y replaced
with x.
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Note 8.63 The rules on the right column serve to tell us more about loga x as a function. In
particular, the first rule tells us the definition of the function, and the second and third show
us that the loga function is the inverse of the ax function (just like 3

√
x is the inverse of the x3

function, etc.).

The final rule on the right column show us how to convert an expression using logb into an
expression using loga. It is useful if we know little about logb but know more about loga, or want
all logarithms in an equations or expression to be the same.

At a Leaving Cert level, logarithm rules can be applied to solve logarithmic equations.

Rule 8.64 To solve logarithmic equations involving constant terms and terms of the form
b loga f (x) where b ∈Q, a ∈ N is the same over all logarithmic terms and f (x) is some function
of x, we complete the following steps.

1. Write all b loga f (x) terms as loga( f (x)b), but if necessary multiply the equation first so
that all such b ∈ N.

2. Use the first and second rules of the middle column to combine terms, until one side of the
equals sign is a single logarithmic term and the other side is a constant (possibly 0).

3. Invert the logarithmic function to get an equation without logarithms.

4. Solve the following algebraic expression. At a Leaving Cert level this is likely to be a
linear or quadratic equation, although it may initially involve fractions.

5. Check the solutions against the original equation. Some solutions may result in expressions
involving the logarithmic of a negative number, which makes the solution invalid.

Note 8.65 The last step is similar to the check we do when solving surd equations (for example√
x−2−

√
x+1 = 1). At a Leaving Cert level it is likely that we will only use the last step to

exclude solutions if we have more than one.

Example 8.66 Solve the equation

log2(3+ x) = 5.

We can skip the first two steps. From the definition of the logarithm,

log2(3+ x) = 5

⇒ 3+ x = 25

⇒ x = 29.

This solution is easily seen to be valid.
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Example 8.67 Solve the equation

log3(x)− log3(x−1) = 1.

We can skip the first step.

log3(x)− log3(x−1) = 1

⇒ log3
x

x−1
= 1

⇒ x
x−1

= 31

⇒ x = 3(x−1)

= 3x−3

⇒ 3 = 2x

⇒ 3
2
= x.

This solution is valid, as x−1 > 0.

Example 8.68 Solve the equation

2log2(x)− log2(x+2) = 0.

2log2(x)− log2(x+2) = 0

⇒ log2(x
2)− log2(x+2) = 0

⇒ log2
x2

x+2
= 0

⇒ x2

x+2
= 20

= 1

⇒ x2 = x+2

⇒ x2− x−2 = 0

⇒ (x−2)(x+1) = 0

⇒ x =−1,2.

See that x =−1 results in the first term of the original equation being 2log2(−1), so that x =−1
is invalid and the only solution is x = 2.
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Question 8.69 Solve the following logarithmic equations.

log5(x+3) = 2

log4(x−1) = 1

2log7 x = 4

log2(x+5)− log2(x−1) = 3

log3(x+1)+ log3(x−5) = 3

log2(x)−2log2(x−4) =−1

2log3 5+ log3 x = 4

In problems with logarithms in more than one base, our plan is to convert them so that all logarithms
are of the same base, much like we did with indices equations.

Rule 8.70 To solve logarithmic equations involving logarithms with more than one base, convert
the logarithms so that they are all of the same base using the rule logb x = loga x

loga b . This is best done
by re-writing logarithms with large bases in terms of logarithms with small bases. The logarithm
can then be solved by applying Rule 8.64 as before.

Example 8.71 Solve the equation

log3 x− log9 x = 1.

We first replace the log9 term with a log3 term.

log3 x− log9 x = 1

⇒ log3 x− log3 x
log3 9

= 1

⇒ log3 x− log3 x
2

= 1

⇒ 1
2

log3 x = 1

⇒ log3 x = 2

⇒ x = 32

= 9.
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Example 8.72 Solve the equation

log2(x+1)− log4(x−1) = 3.

Give your answer to two decimal places.

log2(x+1)− log4(x−1) = 3

⇒ log2(x+1)− log2(x−1)
log2 4

= 3

⇒ log2(x+1)− log2(x−1)
2

= 3

⇒ 2log2(x+1)− log2(x−1) = 6

⇒ log2((x+1)2)− log2(x−1) = 6

⇒ log2
(x+1)2

x−1
= 6

⇒ (x+1)2

x−1
= 26

⇒ (x+1)2 = 64(x−1)

⇒ x2 +2x+1 = 64x−64

⇒ x2−62x+65 = 0

⇒ x =
62±

√
622−4(1)(65)

2(1)

=
62±

√
3584

2
= 1.07,60.93.

By checking the original equation, we can see that both solutions are valid.

Question 8.73 Solve the following equations. If necessary give your answer correct to two
decimal places.

log5 x+ log125 x = 4

log2(x+1)−2log16(x−1) = 1

log3 x− log9 x+ log27 x− log81 x = 1
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8.9 The Exponential Function and Natural Logarithm
For reasons that will become more clear when we study Calculus, we are often interested in a
particular exponent function: ex where e≈ 2.718. It behaves the same as other indices functions,
for example

(ex)2e4 = e2xe4

= e2x+4,

just like if e replaced with 2 or 3. ex is known as the exponential function.

The exponential function ex, just like other exponent functions, has inverse function loge x. However
we shorten the notation to lnx, which we call the natural logarithm. This appears on its own button
on your calculator and obeys all the same rules as other logarithms, lnxy = lnx+ lny, ln1 = 0, etc.

The exponential function (and natural logarithm) often come up in real life problems (although
again the reason for this will not become clear until we study Calculus).

Example 8.74 The population of a small town t years after January 1st 2020 can be modelled
by the function

P(t) = 5169e0.02t .

(a) What is the population of the town on January 1st 2020?

(b) What is the population of the town on January 1st 2022? Give your answer correct to the
nearest person.

(c) How long after January 1st 2020 will the population of the town reach 10000? Give your
answer to the nearest year.

(a) P(0) = 5169e0.02(0) = 5169.

(b) P(0) = 5169e0.02(2) ≈ 5380.

(c) We want to know the value of t for which P(t) = 10000.

10000 = 5169e0.02t

⇒ 10000
5169

= e0.02t

⇒ ln
10000
5169

= 0.02t

⇒ 1
0.02

ln
10000
5169

= t

⇒ 33≈ t.

So the answer is 33 years.
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Question 8.75 After being administered a dose of 500 mg (milligrams) of a certain drug, the
amount of the drug left in a hospital patient’s system t hours after the drug was first administered
is given by the function

D(t) = 500e−0.2t .

(a) How many milligrams of the drug are left in the patient’s system after 2 hours?

(b) How long does it take for the amount of the drug in the patient’s system to reduce to 200
mg? Give your answer correct to the nearest hour.

Question 8.76 The temperature of a cup of tea left in a room is given by the function

T (t) = 20+50e−0.1t

where t is measured in minutes and t = 0 corresponds to the initial time when the cup of tea was
made.

(a) What is the initial temperature of the cup of tea?

(b) What is the temperature of the cup of tea after 10 minutes?

(c) How long does it take for the cup of tea to cool down to 30 degrees? Give your answer to
the nearest minute.

(d) What is the cup of tea after a long time? What does this tell you about the temperature of
the room?

Question 8.77 The population of trout in a lake is in a state of decline. However each year
scientists add trout to the lake. They model that the population of trout t years after the scientists
start this experiment will be

P(t) = 10000−5000e−0.1t .

(a) What is the initial populatin of the trout?

(b) What is the population of the trout 3 years after the start of the experiment?

(c) Approximately how many years does it take for the trout population to reach 7000?

(d) What is the population of the trout after a long time?
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The natural logarithm can also be used to solve problems with other bases. This might be preferred
to avoid the awkwardness of using the log�� button on your calculator, or remembering which
number goes where.

Note 8.78 To solve an equation in x where x appears in the exponent, for example 2x = 7, the
natural logarithm of both sides can be taken. The logarithm rule lnab = b lna can then be used to
“knock the x out of the exponent”, making the equation a lot simpler.

Example 8.79 Solve the equation 2x = 7 using the natural logarithm. Give your answer correct
to two decimal places.

2x = 7

⇒ ln2x = ln7

⇒ x ln2 = ln7

⇒ x =
ln7
ln2

≈ 2.81.

Note 8.80 There are a couple of things to note in this example. First, while complicated looking
and new, ln7 and ln2 are just decimals, like

√
2 or sin42◦, which we try to leave as is rather than

replacing with decimals. Second, earlier in the chapter we may have instead solved 2x = 7 by
saying that

2x = 7

⇒ x = log2 7.

See that

log2 7 =
loge 7
loge 2

=
ln7
ln2

by our “change of base” logarithm rule; there is no contradiction. However, there is no obligation
to use this approach over log2; it is simply a matter of taste.

Question 8.81 Use the natural logarithm to solve the following equations, giving your answer
to two decimal places.

3x = 8

5x = 2

23x+1 = 5

0.6x = 0.1
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8.10 Graphing Indices and Logarithm Functions
Consider the function f (x) = 2x. Before this chapter we understood that

f (1) = 21 = 2,

f (2) = 22 = 4,

f (3) = 23 = 8,

However after studying fractional powers we should also understand, possibly with the help of a
calculator, that

f
(

1
2

)
= 2

1
2 =
√

2 = 1.4142 . . .

f
(

3
2

)
= 2

3
2 =
√

23 = 2.8284 . . .

We can do this for all x ∈Q. But these numbers don’t help us understand the function. To really
get a grasp of the function we want to graph it, like we did in Chapter 4.

−3 −2 −1 1 2 3

1

2

3

4

5

6

7

8

Figure 8.5

As we can see the function is always positive and increasing. The value of the function always
doubles as we move one unit to the right, and halves as we move one unit to the left.

From the fact that the function is always increasing, we can get a feel for fractional powers of 2
without knowing what they are. For example, we know that 2

13
4 is some value between 23 = 8 and

24 = 16.
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Now that we can visualise the graph of 2x let’s see how it compares to similar graphs. f (x) = 2x

and g(x) = 3x, are shown the same graph below. The axes have been scaled.

−3 −2 −1 1 2 3

5

10

15

20

25

30

f (x) = 2x

g(x) = 3x

Figure 8.6

While f (x) = 2x doubles when we move one unit to the right, g(x) = 3x triples. Similarly, the graph
of g(x) is divided by three when we move one unit to the left. As they both agree at x = 0, this
means that f (x)> g(x) for x < 0 as we can see in the graph below that zooms in on the negative
x-axis component of the previous graph.

−3 −2 −1

0.2

0.4

0.6

0.8

1

g(x) = 3x

f (x) = 2x

Figure 8.7

Note that both functions get closer and closer to 0 as we move to the left, but never reach it.

Graphs of similar functions behave similarly. The graph of the function h(x) = 5x satisfies h(0) = 1
as well, is multiplied by 5 when we move one unit to the right and divides by 5 when we move one
unit to the left. Similar statements are true even about functions like k(x) = 3.4x; however things
change when we consider ax for a < 1.
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Below is the graph of f (x) = 2x and l(x) =
(1

2

)x.

−3 −2 −1 1 2 3

2

4

6

8 f (x)l(x)

Figure 8.8

Notice that l(x) is multiplied by 1
2 when we move one unit to the right, and is divided by 1

2 when
we move one unit to the left. In other words, it halves when we move to the right and doubles when
we move to the left; the opposite of the behaviour of f (x). In fact, the graph of l(x) can be seen as
the graph of f (x) “flipped across the y-axis”. Also for l(x), the functions gets closer and closer to
0 as we move to the right, i.e. when x is a large positive number, rather than the left. This makes
sense if we realise that we can write

l(x) =
(

1
2

)x

=
1
2x

= 2−x

= f (−x).

Remembering our work on manipulating graphs in Section 4.4, when x is replaced with −x the
graph flips across the y-axis, so this shouldn’t be surprising.

Question 8.82 The graph of f (x) = 3x is drawn on the graph below. Roughly draw the graph of
g(x) = 4x, h(x) = 2x and k(x) =

(1
3

)x on the same graph.

Figure 8.9



8.10 Graphing Indices and Logarithm Functions 399

Regarding logarithm functions, remember that logarithms are the inverse of indices functions.
Below is the graph of 2x and log2 x, along with the dashed y = x line usually drawn to help us draw
inverses.
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8 2x

log2 x

Figure 8.10

Note 8.83 Much like how all indices functions are positive (i.e. their range is (0,∞)), logarithm
functions are only defined for x > 0 (i.e. their domain is (0,∞)). Similarly, much like how indices
functions have domain R, logarithm functions have range R, i.e. they are subjective.

All indices functions pass through the point (0,1). Similarly all logarithm functions pass through
the point (1,0).

Finally, indices functions ax are decreasing for a < 1. The corresponding logarithm function
loga x is also decreasing rather than increasing. These logarithm functions, however, are rarely
studied.
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For the sake of completeness, the graphs of 0.5x and log0 .5x are shown below, although as stated
before in this chapter loga for a < 1 is rarely used at Leaving Cert level.

−3 −2 −1 1 2 3 4 5 6 7 8

−3

−2

−1

1

2

3

4

5

6

7

80.5x

log0.5 x

Figure 8.11
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8.11 Exponentials and Logarithms in Inequalities
Some problems, especially those derived from practical problems, result in inequalities involving
indices terms.

Rule 8.84 To solve problems involving indices and inequalities, they can be solved using the
natural logarithm as if they were equations, with one caveat. If dividing by lna for a < 1,
lna < 0 and so the sign must change direction. It is recommended to use the natural logarithm
rather than logarithms with particular bases here to avoid awkward questions like is log0.6 2 > 0?

Example 8.85 Solve the inequality

5(3x)−10 < 110.

First we isolate for the 3x, then take logarithms, then solve for x. No flipping of the sign is
required.

5(3x)−10 < 110

⇒ 5(3x)< 120

⇒ 3x < 24

⇒ ln3x < ln24

⇒ x ln3 < ln24

⇒ x <
ln24
ln3

⇒ x < 2.89.

Example 8.86 Solve the inequality

(0.8)x < 0.1.

Note that when we divide by ln0.8, we flip the sign because ln0.8 < 0.

0.8x < 0.1

⇒ ln0.8x < ln0.1

⇒ x ln0.8 < ln0.1

⇒ x >
ln0.1
ln0.8

⇒ x > 10.32.
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Question 8.87 Solve the following inequalities.

3000(1.05)x ≤ 5000

50(0.4)x < 10

10−5(0.6)x > 7

50−20e−2t > 40

Question 8.88 After being administered a dose of 500 mg (milligrams) of a certain drug, the
amount of the drug left in a hospital patient’s system t hours after the drug was first administered
is given by the function

D(t) = 500e−0.2t .

(a) When does the patient have more than 300 mg of the drug in their system?

(b) When does the patient have less than 200 mg of the drug in their system?

Question 8.89 The temperature of a cup of tea left in a room is given by the function

T (t) = 20+50e−0.1t

where t is measured in minutes and t = 0 corresponds to the initial time when the cup of tea was
made.

(a) When is the temperature of the cup of tea greater than 40 degrees?

(b) When is the temperature of the cup of tea less than 30 degrees?

(c) When is the temperature of the cup of tea less than 20 degrees?
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8.12 Hidden Quadratics
Now that we can solve quadratics, for example, equations such as

x2−13x+36 = 0,

what if x is replaced with a more complicated expression? Take, for example, the equation

x4−13x2 +36 = 0.

As x4 = (x2)2, we can view this as a quadratic in x2. Maybe more simply, by letting y = x2, y2 = x4

and this equation becomes

y2−13y+36 = 0.

This is a quadratic that we can solve as normal.

y2−13y+36 = 0

⇒ (y−4)(y−9) = 0

⇒ y = 4,9.

However y is just a variable we made up; we wanted to solve the equation

x4−13x2 +36 = 0,

i.e. we wanted to find x. However as y = x2,

y = 4,9

⇒ x2 = 4,9

⇒ x =±2,±3.

Therefore although this is technically a quartic equation, it can be reduced to a quadratic equa-
tion by letting y = x2, solved for y and then solved for x. This is an example of a “hidden
quadratic”.

Example 8.90 Solve the equation

x4−17x2 +16 = 0.

Letting y = x2, y2 = x4 and

x4−17x2 +16 = 0

⇒ y2−17y+16 = 0

⇒ (y−16)(y−1) = 0

⇒ y = 1,16

⇒ x2 = 1,16

⇒ x =±1,±4.

This can be applied to a wider variety of problems than ones where we let y = x2.
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Example 8.91 Solve the equation

x6 +7x3−8 = 0.

Letting y = x3, y2 = x6 and

x6 +7x3−8 = 0

⇒ y2 +7y−8 = 0

⇒ (y−1)(y+8) = 0

⇒ y = 1,−8

⇒ x3 = 1,−8

⇒ x = 3
√

1, 3
√
−8

= 1,−2.

Sometimes even though we get a solution for y it doesn’t result in any solutions for x.

Example 8.92 Solve the equation

x4−2x2−8 = 0.

Letting y = x2, y2 = x4 and

x4−2x2−8 = 0

⇒ y2−2y−8 = 0

⇒ (y−4)(y+2) = 0

⇒ y =−2,4

⇒ x2 =−2,4.

x2 =−2 gives no solutions, but

x2 = 4

⇒ x =±2,

so our solutions are x =±2.

Question 8.93 Solve the following equations.

x4−10x2 +9 = 0

x4−25x2 +144 = 0

x6 +26x3−27 = 0

x4−8x2−9 = 0

x4 +6x2 +8 = 0
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This approach can also be applied to equations involving terms such as 2x. For example, given the
equation

22x−6(2x)+8 = 0,

if we realise that 22x = (2x)2, then by letting y = 2x we have y2 = 22x. Then

22x−6(2x)+8 = 0

⇒ y2−6y+8 = 0

⇒ (y−4)(y−2) = 0

⇒ y = 2,4.

Again, we don’t care about y per se, we care about x. Now that we know y,

y = 2,4

⇒ 2x = 2 or 2x = 4

⇒ 2x = 21 or 2x = 22

⇒ x = 1 or x = 2.

In other words, once we solve for 2x we find x by solving a simple version of the problems we
studied in Section 8.6, or by taking logarithms.

Example 8.94 Solve the following equation.

32x−12(3x)+27 = 0.

Letting y = 3x, y2 = 32x and

32x−12(3x)+27 = 0

⇒ y2−12y+27 = 0

⇒ (y−3)(y−9) = 0

⇒ y = 3,9

⇒ 3x = 3 or 3x = 9

⇒ ln3x = ln3 or ln3x = ln9

⇒ x ln3 = ln3 or x ln3 = ln9

⇒ x = 1 or x =
ln9
ln3

⇒ x = 1,2.
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Since we’re doing the same thing to both solutions for y, we don’t need to split up the solutions
into separate equations.

Example 8.95 Solve the following equation.

4(22x)−33(2x)+8 = 0.

Letting y = 2x, y2 = 22x so that

4y2−33y+8 = 0

⇒ 4y2−32y− y+8 = 0

⇒ 4y(y−8)− (y−8) = 0

⇒ (4y−1)(y−8) = 0

⇒ 4y−1 = 0 or y−8 = 0

⇒ y =
1
4
,8

⇒ 2x =
1
4
,8

⇒ ln2x = ln
1
4
, ln8

⇒ x ln2 = ln
1
4
, ln8

⇒ x =
ln 1

4
ln2

,
ln8
ln2

=−2,3.

Because we can never have ax < 0 for any a > 0, we may again have a solution for y that doesn’t
result in a solution for x. We may also get decimal solutions.

Example 8.96 Solve the following equation.

32x−24(3x)−25 = 0.

Letting y = 3x, y2 = 32x and

32x−24(3x)−25 = 0

⇒ y2−24y−25 = 0

⇒ (y+1)(y−25) = 0

⇒ y =−1,25

⇒ 3x =−1,25

⇒ ln3x = ln(−1), ln25

⇒ x ln3 = ln25 (as ln(−1) undefined)

⇒ x =
ln25
ln3

= 2.93.
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Finally, it is possible that powers need to be “peeled away” in order to make these equations look
like hidden quadratics.

Example 8.97 Solve the following equation.

32x−4(3x+1)+27 = 0.

First we “peel away” one power of 3 in 3x+1.

32x−4(3x+1)+27 = 0

⇒ 32x−4(313x)+27 = 0

⇒ 32x−12(3x)+27 = 0.

This is now the same equation as in Example 8.94; we can proceed as in that example to get
x = 1,2.

Finally, sometimes powers need to be “shifted” to make them look like hidden quadratics.

Example 8.98 Solve the equation

ex−2 = e−x.

We first multiply each side by ex.

ex−2 = e−x

⇒ exex−2ex = e−xex

⇒ e2x−2ex = 1.

We then let y = ex so that y2 = e2x and

e2x−2ex = 1

⇒ y2−2y = 1

⇒ y2−2y−1 = 0

⇒ (y−2)(y+1) = 0

⇒ y = 2,−1

⇒ ex = 2,−1

⇒ x = ln2, ln(−1)

⇒ x = ln2 (as ln(−1) is undefined).
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Question 8.99 Solve the following equations.

22x−3(2x)+2 = 0

32x−28(3x)+27 = 0

52x+1−126(5x)+25 = 0

72x−5(7x)−14 = 0

22x +5(2x)+6 = 0

e2x−4(ex)+3 = 0

2x−1 +2−x+1−2 = 0

8.13 A Return to the Binomial Theorem
In Section 2.5 we learned about the Binomial Theorem (page 20 of Formulae & Tables).

Figure 8.12

We used this to expand powers of linear functions of x such as (3x+4)5. We will now consider
more varied powers of x.

Example 8.100 Fully expand (4x2 +2)4.

We replace x and y with 4x2 and 2 in the formula. We take the entirety of each term to the
required power, remembering our rules of indices.

(4x2 +2)4

=

(
4
0

)
(4x2)4 +

(
4
1

)
(4x2)3(2)+

(
4
2

)
(4x2)2(2)2 +

(
4
3

)
(4x2)(2)3 +

(
4
4

)
24

=256x8 +(4)(64x6)(2)+6(16x4)(4)+4(4x2)(8)+16

=256x8 +512x6 +384x4 +128x2 +16.
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Note 8.101 Just like x2 is a power of x, 1
x = x−1 is also a power of x, which is why we study

them here.

Example 8.102 Fully expand
(
3x− 2

x

)3.

(
3x− 2

x

)3

=

(
3
0

)
(3x)3 +

(
3
1

)
(3x)2

(
−2

x

)
+

(
3
2

)
(3x)

(
−2

x

)2

+

(
3
3

)(
−2

x

)3

=27x3 +3(9x2)

(
−2

x

)
+3(3x)

(
4
x2

)
+

(
− 8

x3

)
=27x3−54x+

36x
x2 −

8
x3

=27x3−54x+
36
x
− 8

x3 .

Note 8.103 Notice how in both Examples 8.100 and 8.102 the powers of x formed an arithmetic
(linear) sequence; 8, 6, 4, 2, 0 and 3, 1, −1, −3. This will always be the case when expanding a
binomial of the form (axp +bxq)n for a, b ∈ R, p, q ∈ Z.

Question 8.104 Fully expand the following expressions.

(x2 +5)4(
2x+

1
x

)4

(
3− 2

x

)3

(
2x− 1

x

)4

(
2x2 +

1
x

)5
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If we are asked to find a specific term in a binomial expansion where the term in the brackets is
not linear, it can be harder to know which term we are looking for. This can be done either by
guesswork, or more analytically.

Example 8.105 Calculate the x4 term in the expansion of (4x2−2)9.

We know that all terms in the binomial expansion look like(
9
)
(4x2)�(−2)�

We could guess the numbers, but using a more analytical approach, let the power of 4x2 be r:(
9
)
(4x2)r(−2)�.

Then the power of −2 must be 9− r, and the lower number in
(

9
)

can be either r or 9− r:

(
9
r

)
(4x2)r(−2)9−r.

Let’s ignore the constants and focus only on x. We want the value of r that gives us xr. See that(
9
r

)
(4x2)r(−2)9−r =Cx2r

for some constant C. So we need

2r = 4

⇒ r = 2

so that our term is (
9
2

)
(4x2)2(−2)7 = 36(16x4)(−128)

=−73,728x4.

Note 8.106 In the previous example, there is nothing wrong with guessing the term to be(
9
2

)
(4x2)2(−2)7

straight away. Just make sure that the term you end up with does indeed include an x4 term.
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Example 8.107 Calculate the x3 term in the expansion of (3x+ 1
x )

7.

We know that, for some r, our term is of the form(
7
r

)
(3x)r

(
1
x

)7−r

=Cxr
(

1
x7−r

)
=C

xr

x7−r

=Cxr−(7−r)

=Cx2r−7

for some constant C. We need

2r−7 = 3

⇒ r = 5

so that our term is (
7
5

)
(3x)5

(
1
x

)2

= 21(243x5)

(
1
x2

)
= 5,103x3.

Example 8.108 Calculate the constant term in the expansion of (2x2− 3
x )

9.

We know that, for some r, our term is of the form(
9
r

)
(2x2)r

(
−3

x

)9−r

=Cx2r
(

1
x9−r

)
=C

x2r

x9−r

=Cx2r−(9−r)

=Cx3r−9

for some constant C. For this term to be constant we need

3r−9 = 0

⇒ r = 3

so that our term is (
9
3

)
(2x2)3

(
−3

x

)6

= (56)8x6 729
x6

= 489,888.
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Question 8.109 Calculate the x6 term in the following binomial expansions.

(3+2x2)8

(7x− x2)6(
2
x
− x
)8

(
2
x
+ x2

)6

8.14 Summary
Some parts of this chapter are foundational tools relevant to general algebra, for example squaring
fractions and taking square roots of powers. Exponentials and logarithms, natural and otherwise, can
be present in abstract algebra problems. These problems can be related to expressions, equations,
inequalities or functions. They are also present in more practical problems.

Further to being present in standalone exam questions, the natural logarithm and ex are a significant
presence in Calculus (Chapters 15 and 16), and are foundational to some parts of Financial Maths
(Chapter 19) and Sequences and Series (Chapter 17). However we will not return to study indices
and logarithms (or binomial expansions) at a higher level or in more significant detail; we have
learned all we need to know.
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8.15 Homework

Integer Rules of Indices
1. Write the following expressions as xn

for some n ∈ N.

x6x3

x2x4

x4x4

x7x2x

2. Write the following expressions as xn

for some n ∈ N. (
x2)3(
x4)5(
x3)3

x4 (x2)5(
x4x3)6

3. Write the following expressions as xn

for some n ∈ N.

x6

x2

x7

x5

x10

x3

x4

x

x6

x3x

x2x7

x3

4. Write the following expressions as xn

for some n ∈ Z

x2

x6

x4

x7

x2

x5

x
x5

5. Write the following as 1
xn for some n ∈

N.

x−2

x−5

x−8

6. Write the following without indices.

2−1

3−4

4−2

5−3

60

Fractional Rules of Indices

7. Write the following in the form n
√

xm or
n
√

xm for some m,n ∈ N.

x
2
3

x
4
7

x
1
3

8. Calculate the following without a calcu-
lator.

16
1
2

27
1
3

8
2
3

9
3
2
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Combining Indices with Multi-
plication/Division

9. Get rid of the brackets in the following
expressions.

(4x)2

(5y)3

(2z2)4( x
4

)2

(
3
y

)4

(
x2

y

)5

(
x

5y2

)2

10. Write the following expressions without
a root.

√
9x2

3
√

8y9√
x2

y6√
25
16

3

√
64
27

3

√
x12

27
.

Simplifying Expressions Involv-
ing Indices

11. Write the following expressions as xn

for some n ∈Q.

(a) x2x5

x3

(b) x3√x
x

(c) 3
√

x5x4

12. Write the expression

27
√

3
3x

as 3ax+b for some a,b ∈Q.

13. Write the expression

25x

125
as 5ax+b for some a,b ∈Q.

14. Write the expression(
8
√

2
2x

)2

as 2ax+b for some a,b ∈Q.

15. Write the expression

27
√

9x

as pax+b for some a,b ∈Q, p ∈ N.

16. Write the expression

8x

4
as pax+b for some a,b ∈Q, p ∈ N.

17. Write the expression

25x
√

125
125x

as pax+b for some a,b ∈Q, p ∈ N.

Solving Equations Involving In-
dices

18. Solve the following equations.

(a) 3
√

27 = 3x

(b) 5
3√25x = 125

(c) 4
√

2(2x)2 =
√

32

Logarithms

19. Calculate the following logarithms with-
out a calculator.

(a) log2 4

(b) log3 27

(c) log10 10,000

(d) log7 1

(e) log5
1
5

(f) log2
1
4
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Logarithm Rules

20. Solve the following equations. If neces-
sary give your answer(s) to two decimal
places.

(a) log2(x+1) = 3

(b) log3(x−1)− log3(2x+1) =−1

(c) log3(x+2)+ log3(2x+1) = 2

(d) log2(x−1)+ log2(3x−7) = 5

(e) 2 log5 x− log5(x+5) =−1

(f) log7(x−1)+ log7(x
2 +x+1) = 1

(g) 2 log3(x− 1)− log3(x
2 − 1) = 2

(Hint: You may want to factorise
the fraction)

(h) log2(x−1)+2log4(x+1) = 3

21. (a) Show that loga b = 1
logb a

(b) Hence solve the equation

1
log2 x

+
1

log3 x
+

1
log6 x

= 2.

22. It is given that

x3y4 = e2,

x4y8 = 1.

(a) Let p = lnx, q = lny. Use the
above equations to show that

3p+4q = 2,

4p+8q = 0.

(b) Solve the simultaneous equations
found in part (a) to find p,q.

(c) Hence find x, y.

The Exponential Function and
Natural Logarithm

23. The amount of money in an investment
account t years after it was initially in-
vested is given by the function
M(t) = 3000(1.05)t .

(a) How much money was initially
invested?

(b) How much money is in the
account after 5 years?

(c) How long does it take for the
amount of money in the invest-
ment account to reach e12,000?

(d) When is there more than e15000
in the account?

24. An object falls out of a plane. Its speed
t seconds after falling out of the plane
(in km/hr) is given by the function
v(t) = 30−30e−0.8t .

(a) What is its speed 1 second after
falling out of the plane?

(b) How long does it take for the
object to reach a speed of 25
km/hr?

(c) When is the object’s speed less
than 28 km/hr?

(d) If the object falls for a long time,
what will its speed be?

Hidden Quadratics

25. Solve the following equations.

(a) x4−104x2 +400 = 0

(b) x4−68x2 +256 = 0

(c) x6−19x3−216 = 0

(d) 4x4−37x2 +9 = 0

(e) x4−22x2−75 = 0

26. Solve the following equations.

(a) 22x−17(2x)+16 = 0

(b) 52x−30(5x)+125 = 0

(c) 3(32x)−28(3x)+9 = 0

(d) 42x−4x−12 = 0
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A Return to the Binomial Theo-
rem

27. Fully expand the following expressions.

(a) (3−4x2)4

(b)
(2

x +1
)3

(c)
( 2

x2 −3x
)4

(d)
(
x− 3

x

)5

(e)
(
2x2 + 1

x

)4

28. For each of the following expressions,
find the xn term where n is given in the
question.

(a) (5+2x2)9 x2

(b) (3x2−4x)8 x11

(c)
(
1− 3

x

)9 1
x7

(d)
(2

x −3x
)6 constant term

(e)
(3

x −2x
)6

x2

(f)
(
x2 + 4

x

)9
x6
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8.16 Homework Solutions

Integer Rules of Indices

1.

x9

x6

x8

x10

2.

x6

x20

x9

x14

x42

3.

x4

x2

x7

x3

x2

x6

4.

x−4

x−3

x−3

x−4

5.

1
x2

1
x5

1
x8

6.

1
2

1
81

1
16

1
125

1

Fractional Rules of Indices

7.

3
√

x2

7
√

x4

3
√

x

8.

4

3

4

27
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Combining Indices with Multi-
plication/Division

9.

16x2

125y3

16z8

x2

16

81
y4

x10

y5

x2

25y4

10.

3x

2y3

x
y3

5
4

4
3

x4

3

Simplifying Expressions Involv-
ing Indices

11.

x4

x
5
2

x3

12.

3
7
2−x

13.

52x−3

14.

27−2x

15.

33+x

16.

23x−2

17.

5
3
2−x

Solving Equations Involving In-
dices

18. (a) x = 5
2

(b) x =−3

(c) x = 0

Logarithms

19. (a) 2

(b) 3

(c) 4

(d) 0

(e) −1

(f) −2

Logarithm Rules

20. (a) x = 7

(b) x = 4

(c) x = 1

(d) x = 5

(e) x≈ 2.19

(f) x = 2

(g) x = 5
4
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21. (a) loga b =
logb b
logb a = 1

logb a

(b) x = 6

22. It is given that

x3y4 = e2,

x4y8 = 1.

(a)

x3y4 = e2

⇒ ln(x3y4) = lne2

⇒ ln(x3)+ ln(y4) = 2lne

⇒ 3lnx+4lny = 2

⇒ 3p+4q = 2

(b) p = 2, q =−1

(c) x = e2, y = e−1

The Exponential Function and
Natural Logarithm

23. (a) e3000

(b) e3828.84

(c) 28.41 years

(d) t > 32.99 years

24. (a) 16.52 km/hr

(b) 2.23 seconds

(c) t < 3.39 seconds

(d) It will be very close to 30 km/hr,
but it will never quite get there

Hidden Quadratics

25. (a) x =±2,±10

(b) x =±2,±8

(c) x =−2,3

(d) x =±1
2 ,±3

(e) x =±5

26. (a) x = 0,4

(b) x = 1,2

(c) x =−1,2

(d) x = 1

A Return to the Binomial Theo-
rem

27. (a) 256x8− 768x6 + 864x4− 432x2 +
81

(b) 8
x3 +

12
x2 +

6
x +1

(c) 16
x8 − 96

x5 +
216
x2 −216x+81x4

(d) x5−15x3 +90x− 270
x + 405

x3 − 243
x5

(e) 16x8 +32x5 +24x2 + 8
x +

1
x4

28. (a) 7,031,250x2

(b) −1,548,288x11

(c) −78,732
x7

(d) −4,320

(e) 2,160x2

(f) 32,256x6
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8.17 Harder Problems
The problems in this section are designed to be harder than homework problems, but are not
designed to be Leaving Cert problems. They’re arguably not even helpful in revising for the
Leaving Cert exam, and are more for advanced students to test their general understanding of the
work in this section at a high level.

1. What is your best argument that 2x > 2y if x > y? Assume x,y ∈Q.

2. What is your best argument that, if 2x = 2y, then we have to have x = y? Assume we know
that x,y ∈Q.

3. When we apply ln to inequalities, we don’t change the sign. For example,

2x > 7

⇒ ln2x > ln7.

Why is this a valid operation?

4. Can you prove the five logarithm rules given in the middle column of page 21 of Formulae &
Tables? You can assume the indices rules on the left column.

5. In logarithm equations, we sometimes had an extra solution which we discarded because it
made the expression inside the logarithm negative. Can you explain how such values end up
as solutions to our final algebraic equation, either in one particular example like Example
8.68 or in general?
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8.18 Harder Problems Solutions
1. Say x > y. See that, by dividing by 2y which is positive,

2x > 2y

⇔ 2x−y > 0.

So we really only need to show that 2z > 1 if z > 0. Assume z = p
q for some p

q > 0. We can
assume then that p,q > 0. Then

2z = 2
p
q

=
q
√

2p.

It’s clear that 2p > 1, so we only need to show that the q-th root of a number greater than 1 is
greater than 1. This is fairly quick. Assume by contradiction that there is some 0≤ r ≤ 1
such that

q
√

2p = r.

Then

2p = rq.

But if 0≤ r ≤ 1 then 0≤ rq ≤ 1, meaning 2p ≤ 1 which is nonsense. By contradiction r > 1
and so 2z > 1, as required.

2. Say that 2x = 2y for some x,y. Then

2x−y = 1.

Let x− y = p
q for some p,q ∈ Z. Then

2
p
q = 1

⇒ q
√

2p = 1

⇒ 2p = 1q

= 1.

This is impossible for any p > 0 in Z or p < 0 in Z. Therefore p = 0 and so x = y.

3. It is because lnx is an increasing function. When applying an increasing function to an
inequality the inequality is preserved. See Question 7.12 of the Harder Problems in Chapter
7 for more discussion on this.
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4. First let’s prove that

loga(xy) = loga x+ loga y.

Let

p = loga x,

q = loga y,

r = loga(xy).

Then

ap = x,

aq = y,

ar = xy

= apaq

= ap+q.

So

r = p+q

⇒ loga(xy) = loga x+ loga y

as required.

Now let’s prove that

loga

(
x
y

)
= loga x− loga y.

Let

p = loga x,

q = loga y,

r = loga

(
x
y

)
.

Then

ap = x,

aq = y,

ar =
x
y

=
ap

aq

= ap−q.

So

r = p−q

⇒ loga

(
x
y

)
= loga x− loga y
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as required.

Now let’s prove that

loga (x
q) = q loga x.

Let

p = loga x,

r = loga (x
q) .

Then

ap = x,

ar = xq

= (ap)q

= apq.

So

r = pq

⇒ loga (x
q) = q loga x

as required.

The proof that loga 1 = 0 is true by the definition of the loga function; loga 1 is asking “a to
the power of what gives 1?” The answer is 0.

The proof that

loga

(
1
x

)
=− loga x

is immediate by letting q =−1 in the third rule.

5. Often these values make the expression inside another logarithm function negative in a way
that cancels out when we combine the logarithms, either because two negative expressions
get multiplied or one gets squared. For example, in Example 8.68, let’s just see what the
equation looks like at each step of the workings when we input x =−1 (the false solution) at
the start.

2 log2(−1)− log2(1) = 0

⇒ log2(−1)2− log2(1) = 0

which is true. Looking at the analogous operations for general x,

2 log2(x)− log2(x+2) = 0

⇒ log2(x
2)− log2(x+2) = 0.

See that, from the second line onwards (although we don’t show the rest of the calculations
here) x =−1 is a solution of the equation. However it is not a solution to the equation in the
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first line.

Something similar happens to the equation

log2(x+1)+ log2(x−1) = 3.

Solving this equation as we normally would in this chapter gives the solutions x = 3,−3
and we discard x =−3. x =−3 is not a solution to the first line of the workings because it
makes both expresssions inside the logarithm terms negative, but from the second line in our
workings onwards x =−3 is a solution:

log2((x+1)(x−1)) = 3.

This is because the negative signs cancel out here and there is nothing invalid about x =−3
in this equation.
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8.19 Revision

Rules of Indices

1. Write the following expressions as xa

for some a ∈Q.

x3x6

x5x

x6

x2

x3

x7

x2x3

x4

x−2x5

1
x4

√
x

3
√

x2

5
√

x7

1√
x

Solving Equations Involving In-
dices

2. Solve the following equations.

(a) 525x = 57

(b) 3x

27 = 81

(c)
√

2
(2x)3 = 8

(d)
3√4x

16 = 4x

(e) 4x

8 = 162

Logarithm Rules

3. Solve the following equations. If neces-
sary give your answer(s) to two decimal
places.

(a) log2(5x−2) = 3

(b) log5(3x+13)− log5(x+1) = 1

(c) log3(2x+1)+ log3(x−1) = 3

(d) log2(x)−2log16(x+1) = 2

(e) lnx+ ln(x+1)− ln(x+2) = 0

Hidden Quadratics

4. Solve the following equations.

(a) x4−10x2 +9 = 0

(b) x4− x2−12 = 0

(c) 4x4−65x2 +16 = 0

(d) x6−63x3−64 = 0

(e) 42x−20(4x)+64 = 0

(f) 52x−6(5x)+5 = 0

(g) 32x−7(3x)−18 = 0

(h) 8(22x)−6(2x)+1 = 0

A Return to the Binomial Theo-
rem

5. Fully expand the following expression
using the Binomial Theorem.

(a) (x+ x2)5

(b) (4x2 +1)4

(c)
(3

x +2
)3

(d)
( 4

x2 −2
)5

(e)
(
2x− 5

x2

)4
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6. In the following expressions, find the
given term if the expansion were to be
expanded out.

(a) (x2 +1)9 x4

(b) (3x2 +2x)8 x10

(c)
(
2x2− 3

x

)7
x2

(d)
(
5x− 1

x

)6
x2

(e)
(3

x +2x2
)9 constant term
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8.20 Revision Solutions

Rules of Indices

1.

x9

x6

x4

x−4

x1

x3

x−4

x
1
2

x
2
3

x
7
5

x−
1
2

Solving Equations Involving In-
dices

2. (a) x = 5

(b) x = 7

(c) x =−5
6

(d) x =−3

(e) x = 11
2

Logarithm Rules

3. (a) x = 2

(b) x = 4

(c) x = 4

(d) x = 8+4
√

5

(e) x =
√

2

Hidden Quadratics

4. (a) x =±1,±3

(b) x =±2

(c) x =±1
2 ,±4

(d) x = 4,−1

(e) x = 1,2

(f) x = 0,1

(g) x = 2

(h) x =−1,−2

A Return to the Binomial Theo-
rem

5. (a) x5+5x6+10x7+10x8+5x9+x10

(b) 256x8 +256x6 +96x4 +16x2 +1

(c) 27
x3 +

54
x2 +

36
x +8

(d) 1024
x10 − 2560

x8 + 2560
x6 − 1280

x4 + 320
x2 −

32

(e) 625
x8 − 1000

x5 + 600
x2 −160x+16x4

6. (a) 36x4

(b) (3x2 +2x)8 x10

(c) 16,128x2

(d) 9,375x2

(e) 489,888
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9. Geometry

9.1 Angles & Parallel Lines
Given a diagram showing angles and lines, some of which may be parallel, we have the following
facts that help us to calculate angles.

Theorem 9.1

1. Any angles on a straight line add to 180◦.

A
B

C

Figure 9.1: A+B+C = 180◦

2. Vertically opposite angles: angles opposite each other at the intersection of two lines, are
equal.

A
B

Figure 9.2: A = B
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3. Corresponding angles: angles on the same side of a line that cuts two lines are equal if and
only if the lines are parallel.

A

B

Figure 9.3: A = B

4. Alternate angles: angles on the opposite side of a line that cuts two lines are equal if and
only if the lines are parallel.

A

B

Figure 9.4: A = B

5. Interior angles: angles that share one line add to 180◦ if and only if the other two lines that
make the angles are parallel.

A

B

Figure 9.5: A+B = 180◦
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Example 9.2 Calculate the value of the angles A,B,C.

45◦

B

A

115◦ C

Figure 9.6

B = 45◦ (corresponding angles)

A+115◦ = 180◦ (interior angles)

⇒ A = 65◦

C = A (alternate angles)

= 65◦.

Note 9.3 State why each relationship is true (alternate angles, interior angels, etc.) when
answering questions in this chapter. This is in line with Leaving Cert marking schemes.

Note 9.4 Parallel lines in these notes will usually be drawn with arrows like the above. In the
case of two sets of parallel lines two arrows may be shown for one set.

Figure 9.7

In exams students will not be expected to memorise notation as it is not universally standardised.
Instead the quesion will say if lines are parallel.
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Question 9.5 Calculate the value of the angles A,B,C,D,E,F .

A

40◦

B

50◦

D CEF

Figure 9.8

9.2 Triangles

Theorem 9.6

1. The sum of the angles of a triangle add up to 180◦.

2. The exterior angle of a triangle is equal to the sum of the two interior opposite angles.

A

B

C

Figure 9.9: A+B =C

3. Two sides of a triangle are equal if and only if the opposite angles are equal. These
triangles are called isosceles triangles.

4. Three sides of a triangle are equal if and only if all three angles are equal, i.e. equal to 60◦.
These triangles are called equilateral triangles.
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Note 9.7 As another point of notation, when we say AB we mean a line or line segment. However
|AB| represents the length of the line segment from A to B and so is a number. The angle ∠ABC
is the angle made by the pair of line segments AB and BC. The angle is always at the position of
the middle point (in this case B). Usually the angle as a number also has vertical bars |∠ABC|
but the bars are sometimes dropped in these notes.

Note 9.8 In these notes sides in a triangle that are equal are shown with a line crossed through
them. If more than one collection of sides are equal, two lines may be used for the second
collection, as in the following diagram. In this case, |AD|= |CD|, but they are not necessarily
equal to |AC| and |AB|.

A

B C

D

Figure 9.10

Less commonly similar notation will be used to show that angles are equal.

A

B C

Figure 9.11

Like with parallel lines, in an exam students will also be told lines are equal in length, rather
than being expected to memorise non-standard notation.
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Note 9.9 Regarding isosceles triangles as mentioned in Theorem 9.6, consider the triangle
below. The lines AB and AC are equal in length if and only if the angles ∠ABC and the angles
∠ACB are equal, as they are the angles opposite those lines. Therefore knowing one pair of lines
or angles are equal, we know immediately that the other pair are as well.

A

B C

Figure 9.12

We can combine Theorem 9.6 with our work in Section 9.1 to calculate the length of angles.

Example 9.10 Calculate the values of the angles A,B,C,D.

40◦ A

B
D

C 160◦

Figure 9.13

A = 40◦ (isosceles triangle)

40◦+A+B = 180◦ (triangle)

⇒ B = 100◦

A+C = 180◦ (straight line)

⇒C = 140◦

C+D = 160◦ (exterior angle)

⇒ D = 20◦.
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Question 9.11 Calculate the angles A,B,C.

B

A

C

92◦

Figure 9.14

Question 9.12 Calculate the angles A,B,C.

A
63◦

B C

54◦

Figure 9.15

In addition to Theorem 9.6 we have another property of triangles to help us solve problems, in
particular the idea of identical, or congruent triangles.

Definition 9.13 Two triangles are congruent if they are identical up to rotation and reflection.
More formally, they are congruent if they have exactly the same three sides and angles.
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Theorem 9.14 For two triangles to be congruent it is enough that they have one of the following
collections of the same three measurements, consecutive as you rotate around the triangle.

1. Side, Angle, Side (SAS)

Figure 9.16

2. Angle, Side, Angle (ASA)

Figure 9.17

3. Side, Side, Side (SSS)

Figure 9.18

4. Right angle, Side, Hypotenuse (RSH)

Figure 9.19
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Example 9.15 In the diagram below, show that the triangles pqr and psr are congruent.

p q

rs

Figure 9.20

|∠spr|= |∠prq| (alternate angles)

|∠rpq|= |∠srp| (alternate angles)

|pr|= |pr|

so that4pqr and4psr are congruent (ASA).

Question 9.16 px is perpendicular to qr. Show that it also bisects qr.

55

q r

p

x

Figure 9.21

Note 9.17 The squares shown at angles ∠pxq and ∠pxr in Figure 9.21 are another piece of
non-standard notation that students don’t need to memorise for these exams but that are present
throughout these notes. They represent angles that are 90◦.
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A looser relationship between triangles than congruence is when one triangle is a “scaled-up”
version of the other.

Definition 9.18 Two triangles are similar if all three of their angles are the same.

Figure 9.22

Theorem 9.19 Two triangles ABC and DEF are similar if and only if the ratio lengths of their
sides are proportional, in order:

|AB|
|DE|

=
|AC|
|DF |

=
|BC|
|EF |

Example 9.20 In the diagram shown below, find x and y.

x
3

6

12

y

10

Figure 9.23

Due to corresponding angles and the fact that they share an angle, the triangles are similar so

12
6

=
x
3

⇒ 6 = x.
6
12

=
y

10
⇒ 5 = y.
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Question 9.21 In the diagram shown below, show that pq and xy are parallel.

21

918

14

6 12

op
y

q

x

Figure 9.24

9.3 Quadrilaterals & Parallelograms

Definition 9.22

1. A quadrilateral is any four sided shape.

Figure 9.25

2. A cyclic quadrilateral is a quadrilateral where the four vertices can be placed on the
circumference of a circle.

Figure 9.26
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3. A convex quadrilateral is one that contains its diagonals.

(a) A convex quadrilateral (b) A non-convex quadrilaterl

Figure 9.27

Theorem 9.23

1. The four angles in any quadrilateral add up to 360◦.

2. A quadrilateral is cyclic if and only if its opposite angles add up to 180◦.

Definition 9.24 A parallelogram is a shape with four sides and whose opposite sides are parallel.

Figure 9.28

Theorem 9.25 Given a convex quadrilateral X , the following statements are equivalent (if one
is true they’re all true, and if one is false they’re all false).

1. X is a parallelogram.

2. The opposite angles of X are equal.

3. The opposite sides of X are equal.

4. The diagonals of X bisect each other.

5. Angles that share a side add up to 180◦.
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Example 9.26 Calculate the values of the angles A,B,C.

100◦25◦

A B
C

Figure 9.29

A = 100◦ (opposite angles)

B = 25◦ (alternate angles)

25◦+100◦+C = 180◦ (triangle)

⇒C = 55◦.

Question 9.27 Calculate the values of the angles A,B,C,D.

A

100◦

B

40◦

C

Figure 9.30
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Question 9.28 In the parallelogram below all four sides are equal. Find the values of the angles
A,B,C. (Hint: Use congruence of the triangles).

74◦

A

C

B

Figure 9.31

9.4 Circles

Theorem 9.29

1. The angle at the centre of a circle facing an arc is twice the angle at any point on the
boundary of the circle facing the same arc.

A

B

Figure 9.32: A = 2B

2. Two angles at different points on the boundary of the circle facing the same arc are equal.

A
B

Figure 9.33: A = B
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3. Triangles on a diameter line are right-angled.

Figure 9.34

4. Radius lines (lines through the centre of the circle) are perpendicular to tangent lines (lines
that touch the circle at only one point).

Figure 9.35

5. Radius lines bisect chords (lines that touch the circle at two points) if and only if they
intersect them at right angles.

Figure 9.36
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Note 9.30 Remember that all radius lines are equal in length, which is useful in proving that
certain triangles are congruent or isosceles.

Example 9.31 The black dot is the centre of the circle. Calculate the values of A,B,C.

B
A

40◦

C

Figure 9.37

A = 40◦ (facing same arc)

B = A (isosceles triangle)

= 40◦

C = 2A (facing same arc)

= 80◦.
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Question 9.32 The black dot is the centre of the circle. The external lines are tangent lines.
Calculate the values of A,B,C.

B

A 76◦

C

Figure 9.38
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Question 9.33 The black dot is the centre of the given circle. Calculate the value of A.

112◦
90◦

A

Figure 9.39

Question 9.34 The black dots are the centres of the given circles. Calculate the value of x.

x
6

Figure 9.40
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9.5 Proofs
At Leaving Cert level there are 3 theorems (Theorems 9.37, 9.39 & 9.42) that you have to be able
to prove in the Leaving Cert exam. We have not used these theorems yet to solve any problems, but
it is worth knowing that they may be necessary in solving problems we see later in the chapter.

The theorems are written in a particular order; the first theorem can be proved from first prin-
ciples, while the proof of the second relies on the first and the proof of the third relies on the
second.

Note 9.35 When writing a proof of any theorem in this section, there are five parts: Diagram,
Given, To Prove, Construction, Proof. In exams these five steps may be explicitly laid out for
you.

Figure 9.41: An example from the 2021 Leaving Cert exam

• Diagram includes a pictorial representation of the situation described in the theorem, for
example a triangle if the theorem is about triangles.

• Given includes information given in the statement of the theorem, perhaps that two lines
are parallel or are of equal length.

• To Prove is the statement we are trying to prove, for example A+B+C = 180◦ where
A,B,C would be in the diagram.

• Construction is any drawing you do over the original diagram. For example the theorem
might be about a triangle but you might want to draw another line to help you in your
proof.

• Proof is our logical argument. In this section each statement should follow on from some
combination of the previous statements. For example, if you show that A+B = 90◦ and
A+C = 90◦ then it follows that B =C.
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Note 9.36 In the proofs shown below, another diagram is drawn in the Construction section.
This will not be the case in your exam; you will draw over your original diagram (maybe in a
different colour) in the Diagram section. The paragraphs written there, however, will be written
in the Constructions section of your exam.

Theorem 9.37 If three parallel lines cut off equal line segments on some transversal line then
they cut off equal line segments of any other transversal line.

Diagram:

p

q

r

s

t

u

Figure 9.42

To Prove: |tu|= |st|.

Given: ps,qt,ru all parallel. |pq|= |qr|.

Construction: Draw a line parallel to pr passing through s. Then draw a line parallel to su that
passes through the point where the previous line intersects with the top parallel line. Label the
extra points v, w, x, y.
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p

q

r

s

t

u

v

w

x

y

Figure 9.43

Proof:

|vw|= |qr| (parallelogram)

= |pq| (given)

= |sv| (parallelogram)

|∠tsv|= |∠vwx| (alternate angles)

|∠tvs|= |∠wvx| (opposite angles)

∴ 4stv and 4 vwx are congruent (ASA)

⇒ |st|= |wx|
= |tu| (parallelogram).

Note 9.38 The approach of this theorem can be summarised as

1. Draw the line we know is cut equally on the left, sloping upwards, and the line we’re trying
to prove is cut equally in the middle, sloping downards.

2. Draw a third line from the second line, parallel to the first.

3. Draw a fourth line from the third line, parallel to the second.

4. Prove the two small triangles are congruent.

5. Finish.
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Theorem 9.39 If ABC is a triangle and a line parallel to BC cuts AB in some ratio s : t, then it
cuts AC in the same ratio.

Diagram: In this diagram all letters represent points.

B C

A

D E

Figure 9.44

To Prove: |AE| : |EC|= s : t.

Given: BC, DE parallel. |AD| : |DB|= s : t.

Construction: Divide AD into s equal parts and divide BD into t equal parts. Draw lines from
these points parallel to DE.
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B C

A

D E

Figure 9.45

Proof: As each line segment of AB is equal, each line segment of AC is equal (by Theorem 9.37).
Letting the length of these line segments be k, |AE|= ks and |EC|= kt. Therefore

|AE|
|EC|

=
ks
kt

=
s
t

⇒ |AE| : |EC|= s : t.

Note 9.40 The approach of this theorem can be summarised as

1. Draw the triangle with the parallel line DE with the left line of the triangle split in the
ratio s : t.

2. Split the left line into s+ t equal pieces and draw parallel lines coming out of them.

3. Prove the right line of the triangle is also split into equal pieces of length k.

4. Prove Right Line Top
right Line Bottom = s

t .

Note 9.41 When reproducing these theorems in an exam there is no need to reference the
theorems as “Theorem 9.37” or whatever (those numbers are specific to my notes anyway).
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Theorem 9.42 If two triangles are similar then the lengths of their sides are proportional, in
order:

|AB|
|DE|

=
|AC|
|DF |

=
|BC|
|EF |

Diagram: In this diagram all letters represent points.

A B

C

D E

F

Figure 9.46

To Prove: |AB|
|DE| =

|AC|
|DF | =

|BC|
|EF |

Given: angles shown are equal.

Construction: Mark a point X on DE so that |DE| = |AB|. Mark a point Y on DF so that
|DY |= |AC|.
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A B

C

D E

F

Y

X

Figure 9.47

Proof:

4ABC and 4DXY are congruent (SAS)

⇒ |∠DXY |= |∠ABC|
⇒ XY is parallel to EF.

Therefore XY cuts DF in the same ratio that it cuts DE in (by Theorem 9.39). Call this ratio s : t.
Therefore

|DX |
|DE|

=
s

s+ t

=
|DY |
|DF |

⇒ |AB|
|DE|

=
|AC|
|DF |

.

Similarly

|AB|
|DE|

=
|BC|
|EF |

.

Note 9.43 The approach of this theorem can be summarised as

1. Draw the two similar triangles.

2. Pick an angle of the larger triangle. Draw a triangle inside the larger one with the same
length lines as the lines in the smaller triangle making this angle.

3. Prove this new triangle is congruent to the smaller one.

4. Argue the line cutting the larger triangle is parallel to the other line of the triangle.

5. Apply the previous theorem to set up the ratios.

6. State its the same for other pairs of sides.
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9.6 General Geometry Problems
Although it was necessary to learn about parallelograms, circles etc. in isolation, most realistic
geometry problems combine these shapes and the theorems from Section 9.5. The following are
a collection of problems (some of which are from old syllabus past Leaving Cert exams). They
are purposely not separated by section as we studied them in these notes. Unlike most problems
marked “Question” in these notes, solutions are given at the end of this section.

Question 9.44

Question 9.45

Question 9.46

Question 9.47
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Question 9.48

Question 9.49

Question 9.50
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Question 9.51

Question 9.52

Question 9.53
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Question 9.54

Question 9.55

Question 9.56
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Question 9.57

Question 9.58

Question 9.59
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Question 9.60
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Solutions:

44. (i) 65◦

(ii) 25◦

45. (i) 90◦

(ii) 34◦

46. (i) 65◦

(ii) 65◦

47. x = 54◦, y = 88◦

48. (i) 62◦

(ii) 59◦

49. 70◦

50. (i) 4

(ii) 3

(iii) 5

51. 3.6

52. (i) As C is the midpoint of both
lines, |EC| = |CB| and |AC| =
|CD|. |∠ECD| = |∠ACB| (oppo-
site angles) so they are congruent
by SAS.

(ii) |∠CAB|= |∠EDC| by congruence
so ED, AB are parallel. Similarly
|∠CEA|= |∠CBD| so AE, BD are
parallel.

53. (i) 42◦

(ii) 48◦

(iii) 69◦

(iv) 21◦

54. (i) 110◦

(ii) 55◦

(iii) Triangles adc, abc both have a 35◦

and 55◦ angle from earlier work.
Therefore they both have a 90◦ an-
gle and are equiangular. Similarly,
from previous work cde has a 35◦

angle. It has a 90◦ angle (given)
and so is equiangular to the other
two.

(iv) 7 : 10

55. (i) 72◦

(ii) 108◦

56. (i) 63◦

(ii) 27◦

57. 15 as radius lines bisect chords.

58. (i) Standing on same arc.

(ii) |∠abc|= |∠adc| for the same rea-
son, so congruent by ASA.

(iii) By congruence |ce| = |ae| and
|be|= |de| so |ad|= |bc|.

59. (i) |ac| = |cd| (radius), |∠cab| =
|∠cdb| = 90◦ (tangent meets ra-
dius) and |bc|= |bc| so congruent
by RSH.

(ii) By congruence |ab| = |bd| and
|∠abe| = |∠dbe|, and |be| = |be|
so aeb,deb are congruent as well
making |ae|= |ed|.

60. (i) 130◦

(ii) 115◦
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9.7 Summary
Although it serves as a foundation for Constructions (Chapter 10) Trigonometry (Chapter 11) and
Coordinate Geometry (Chapters 13 and 14), Geometry shouldn’t be dismissed as a foundational
topic. There have been many Leaving Cert exams in the past purely based on geometry. They can
be spotted by the lack of numerical measurements in the diagram. Many of the questions given in
Section 9.6, and the Homework and Revision sections are from old syllabus (pre-2014) Leaving
Cert exams.
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9.8 Homework

General Geometry Problems
1.

2.

3.

4.
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5.

6.

7.
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8.

9.
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10.

11. Hint: Needs Pythagoras’ Theorem

12. Hint: Needs Pythagoras’ Theorem

13.
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14.

15.

16.

17. Prove Theorems 9.37, 9.39 and 9.42.
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9.9 Homework Solutions

1. 36◦

2. (i) 5

(ii) 6

3. (i) 100◦

(ii) 80◦

4. (i) 42◦

(ii) 62◦

5. 127◦

6. 60◦

7. (i) |∠ebc| = |∠dcb| (isosceles) so
|∠dbc|= |∠ecb|.

(ii) As |∠ebc| = |∠bdc|, |∠bdc| =
|∠ebc| and |bc| = |bc| triangles
ebc and bdc are congruent. There-
fore |ec| = |bd|. As |c f | = |b f |
(isosceles triangle b f c)
|e f |= | f d|.

8. 6.25

9. (i) |∠ABE| = |∠EDC|, |∠BAE| =
|∠ECD| (alternate angles) and
|∠BEA| = |∠DEC| (opposite an-
gles).

(ii) 4.7

10. |ab| = |cd| (parallelogram), |∠abe| =
|∠ f dc| (alternate) and the right angle
mean abe, cd f are congruent by RSH.

11. 5

12. 8

13. (i) 38◦

(ii) 48◦

14. (i) 96◦

(ii) 107◦

15. (i) 45◦

(ii) 45◦

16. (i) Because |∠BAD|= 90◦, so if O is
the centre of the circle
|∠BOD|= 180◦.

(ii) 44◦
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9.10 Harder Problems
The problems in this section are designed to be harder than homework problems, but are not de-
signed to be Leaving Cert problems. They’re arguably not even helpful in revising for the Leaving
Cert exam, and are more for advanced students to test their general understanding of the work in
this section at a high level.

It is difficult to think about geometry at a high level without taking a deep dive into what our
assumptions, which is quite tedious and not very illuminating to a Leaving Cert student. Instead,
look ahead to Chapter 10.

Can you prove why Constructions 10.16-10.19 work? Why do they give the construction you are
looking for? You can use any theorems from this geometry chapter.
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9.11 Harder Problems Solutions
16. If we bisest AB at the midpoint M with the line l, consider any point P on l.

|∠PMA|= 90◦

= |∠PMB|,
|AM|= |BM|,

and |MP|= |MP|

so triangles AMP, BMP are congruent by RSH. Therefore |AP| = |BP|; any point on P is
equidistant from A and B. The same would be true of the line that bisects BC. Therefore
a point on the intersection of the line that bisect AB and the line that bisects BC would be
equidistant from all three. Therefore a circle drawn with centre at this point containing A (on
its boundary) would contain all three.

17. Consider any point P on the line that bisects ∠CAB. Draw a line from P to AC, perpendicular
to AC, and let X be the point of intersection. Similarly, draw a line from P to AB, perpendicular
to AB, and let Y be the point of intersection.

|∠CAP|= |∠BAP|,
|∠AXP|= 90◦

= |∠AY P|,
and |AP|= |AP|

so triangles AXP, AY P are congruent by RSH. Therefore |PX |= |PY | and so any circle with
centre P that is tangent to AC will also be tangent to AB. This is true of any point on the line
that bisects ∠CAB. The same is true of the line that bisects ∠BCA. Therefore if a circle is
drawn at the point of intersection of two of these lines that is tangent to one line it will be
tangent to all three.

18. Let the line drawn be AB and the point of intersetion of the arcs be X . Then |AB|= |AX |=
|BX | and so triangle ABX is equilateral.

19. Let the intersection of the first arcs with the circle be XY , and let the point of intersection
of the second two arcs be O. Draw a line XY and a line PO. Let the point of intersection of
these lines be M.

First,

|OX |= |OY | (radius lines),

|PX |= |PY |,
|OP|= |OP|

and so triangles OPX , OPY are congruent by SSS. Therefore

|∠XOP|= |∠|YOP|,
|OX |= |OY | (radius lines),

|OM|= |OM|

and so triangles OMX , OMY are congruent by SAS. Therefore M bisects XY . Any line
drawn from the centre of the circle is a radius line and so would perpendicularly bisect XY ,
and so would overlap with OP. Therefore the centre of the circle lies somewhere on the
extended version of the line segment OP.
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9.12 Revision

General Geometry Problems
1.

2.

3.
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4.

5.

6.
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7.

8.

9.
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10. Hint: Requires Pythagoras’ Theorem

11. Hint: Requires Pythagoras’ Theorem

12.
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13.

14.

15.
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16. Hint: Requires Pythagoras’ Theorem

17. Prove Theorems 9.37, 9.39 and 9.42.



478 Chapter 9. Geometry

9.13 Revision Solutions

1. 105◦

2. (i) 100◦

(ii) 80◦

3. (i) 55◦

(ii) 45◦

4. (i) x = 50◦

(ii) y = 65◦

5. (i) 55◦

(ii) 125◦

6. 10.5

7. 15

8. 6

9. (i) |pq| = |rs| (parallelogram),
|∠qpt| = |∠srw| (alternate) and
|∠pqt| = |∠wsr| (given) so trian-
gles pqt, rsw are congruent (ASA)
so that |pt|= |wr.

(ii) If |pt| = |wr then |pw| = |tr|.
|∠spw| = |∠prq| (alternate) and
|ps| = |qr| (parallelogram) mak-
ing triangles psw,qtr congruent
(SAS).

10. 10

11. (i) 90◦ (sits on diameter line)

(ii) 45◦

(iii)
√

72

12. 75◦

13. (i) 100◦

(ii) 130◦

(iii) 65◦

14. (i) 80◦

(ii) 40◦

15. (i) 40◦

(ii) |∠zyw|= 50◦ (as |∠zyx|= 90◦ as
its radius meeting tangent). As
|oy| = |ow| (radius), |∠vwy| =
|∠zyw| = 50◦ (isosceles). |vw| =
|yz| (diameter lines) and |∠wvy|=
|∠yzw| (standing on same arc), so
triangles vwy, wyz are congruent.
Therefore |vy|= |wz|.

16. (i) 2

(ii) 2
√

5


