Note These exam questions are given in reverse chronological order as they appear in exam
papers; 2023 paper, Sample paper, 2022 (deferred), 2022, and so on back to 2015. Q3 (a) from
2005 is also included as an example of projectiles that bounce. They are answered in the style
described in my notes. Only questions from the old syllabus relevant to the new syllabus are
included.

Question — 2023 Q8.

Question 8

Two balls, P and Q, are projected into the air from points A and B, which are a distance D apart
along the horizontal 7 axis. The motion of the balls may be modelled as projectile motion in a
vertical plane, ignoring the effects of air resistance.

P is projected from point A attime t = 0 s with initial velocity 38 m st at41° to AB.
Q is projected from point B at time t = 1 s with initial velocity u m s~ at 64° to BA.

P and @ collide in mid-air whent = 3s.
(i) Showthatu = 28 m sto the nearest whole number.
(ii) Calculate D.

(iii) Interms of Tand J, calculate ¥y, the velocity of P, and v, the velocity of Q, when the balls
collide, i.e. whent = 3 s.

(iv) Calculate the dot product of vp and v; when t = 3's.

(v) Hence or otherwise calculate the acute angle between vy and vy whent = 3's.




Using (u,0):

(i) Calculating the velocity for P, partially for Q and setting syp = syp = s we have the
following UVAST array for both objects.

P Q
X-axis y-axis x-axis a y-axis
u,p =28.68 uy,p=24.93 uy =0.44u u,p=09u
vip =28.68 vyp = vio =0.44u  vyp =
ap =0 ayp=—g axp =0 ayo=—g
Syp = Syp =S SxQ = S0 =§
tep=3 typ = 3. Lo = 2 lyo = 2.

Then

1
Syp = Uyplyp + anptfp
= 5=24.93(3)—4.9(3)°
=30.69.

Syo = Uyolyp + %ayQtyZQ
= 30.69 = 0.93u(2) —4.9(2)*
= 50.29 = 1.8u
"= 28 m/s = u.

(i)

D = s:p+5x0
= Uxptxp + Ux0lxQ
—28.68(3) +0.44(28)(2)
=110.68 m.

(iii)

Vyp = Uyp + ayptyp
=24.93-9.8(3)
= —4.47

so that
Vp=28.681—4.47 J.
VyQ = Uyg +ayolyg

= 0.9(28) —9.8(2)
=56




so that
Vo =1232745.6 .

(iv) We can’t actually have the positive i direction be different for P and Q when we apply the
dot product. So

Vp=128.687—4.47 ],
Vo= —12.320+56]

so that

Vp Vg = 28.68(—12.32) — 4.47(5.6)
= —378.3696

(v) If 8 is the angle between Vp and V then

cosO = KP'KQ
[Vp||Vol
B —378.3696
V/28.682 +4.4724/12.322 + 5.62
=-0.96
= 0 = 164°.

Therefore the acute angle between them is 180° — 164° = 16°.

Using (p,q):

(i) Calculating the velocity for P, and syp = sy = s we have the following UVAST array for
both objects.

P Q
x-axis y-axis Xx-axis a y-axis
Up =28.68 uyp=24.93  up=p Uy =g
Vp = 28.68  vyp = vio =0.44u vy =
ap=0 ayp = —g ax =0 ayo = —g&
Sxp = Syp = g = Sy0 =S
tp=3 Lyp = 3. Lo = 2 Ly = 2.

Then

1
— 2
SyP - uyPtyP + anptyp

= 5=24.93(3)—4.9(3)?
= 30.69.




1
Syo = Uyolyg + anQtyZQ
= 30.69 = ¢(2) —4.9(2)?

= 50.29 = 2q
'=2515=q4.
Then
tan64° = 4
p
= ptan64° = 25.15
= p=12.23.
Then
u=+/p*+q*
=28 m/s.

(i1) Same as with u, 6.
(iii)) Same as with u, 6.
(iv) Same as with u, 6.

(v) Same as with u, 6.




Question — Sample @4 (a).

Question 4

(a) Aballis projected from a point on horizontal ground, with initial speed u and at an angle «
to the horizontal. The ball reaches a maximum height of H; above the horizontal.

Upon landing, the ball bounces with a maximum height of H;.

The coefficient of restitution between the ball and the ground is e.

(i) Calculate o,
Hy

(ii) The ball continues bouncing. Find an expression (in terms of e and H,) for Hg, the maximum
height of the ball after it lands on the ground for the fifth time.

Using (u,0):
(1) First, we can find Hy easily enough.

X-axis y-axis
Uy =uUCoSC iy =using
Ve =ucosa vy,=0

a,=0 ay=—g
S = sy =Hy
ty= ty=.
2_ 2
% —uy—i—Zaysy

= 0= u*sin’ o — 2gH,
= 2gHy = u’sin’ o
u®sin® o

= Hy= 28

We have the following UVAST array representing the two journeys, ending when the
object is at height H;.

First Part Second Part Extra Equations
X-axis y-axis X-axis y-axis
Uy] =UCOSQL Uy = USinQ Uy = UCOSOL Uy =
Vel = UCOSOL  Vy| = Vo =ucos vy =0
=0 _ =0 _ Uyr = —€Vy1
ax1 = ay1 = —8 axy = 4y = —8
Sxl = sy1 =0 Sxo = sy2 = Hy

1 =10 Ly =1 In=0n hyp=0n




First,
Uyl + Vy1
y y
A 1= S — t 1
y < 2 > y
usin @ + vy
=0=——F" |1
2
= 0=usin6 +vy;
= —usin@ =v,.
Then
Uyp = —€Vy1
= eusin6.
Finally
2 2
Vy2 = uy2 I ay28y2
= 0= e*u’sin® o — 2gH,;
= 2gH; = ¢*u*sin’ a
2.2 2
e“u”sin” o
H =—:
28
Therefore
Hl ezuzzs;nza
Hy T @sinfa
2g
= ¢

(i) H, is a geometric sequence with common ratio e? and first term (n = 1 term) H; = ¢*H,.
Therefore

Hs = e2Hy(e2)*

= elOHO.

Using (p,q):

(i) First, we can find Hj easily enough.

Xx-axis y-axis

Uy =p Uy=4¢q
w=p vyw=0
ax=0 ay,=-—¢g
Sy = sy = Hy

= t=.




vy =, +2ays,
= 0=q*>—2gH
= 2gHy = ¢°
2
q
= Hy=—.
2g

We have the following UVAST array representing the two journeys, ending when the
object is at height H;.

First Part Second Part Extra Equations
Xx-axis  y-axis Xx-axis  y-axis
Uy =p Uyl =¢q U =p Uy =
Vel = vy = Vo = vy =0
x1 p vl X2 =D y2 lyy = —evy
ay =0 ay) = —8 a, =0 ay = —8
sxt= 81 =0 s = sp=H
i=h hLi=n o= hLip=0n
First,
Uyl + Vyi
_ (% y
= (15 )
+v 1
=0= (q > V I3
=0=qg+vy
= —q= Vyl.
Then
Uy = —evy
= eq.
Finally
2 2
Vip = Uy + ay28y2
=0= ezq2 —2gH,
= 2gH| = ezq2
2.2
e
=H = 761
2g
Therefore
€2q2
Hi _ 7
Hy &
2g
2




(i) H, is a geometric sequence with common ratio 2 and first term (n = 1 term) H; = ¢*H,.
Therefore

Hs = e2Hy(e2)*

= elOH().




Question — 2022 (Deferred) Q3 (a).

(a) A particle is projected from a point on horizontal ground. The speed of projection is
14 m s~ at an angle « to the horizontal.

Find the two values of « that will give a range of 10 m.

Using (u,0):
We have the following UVAST array.
X-axis y-axis

uy = l4cosax u, = l4sino
vy =ldcosa v, =

a,=0 ay=—g
sy =10 sy =0
=t ty="t.

As being given the range is just a special (and algebraically easier) case of being given a target
hit, we proceed as in those problems.

Sx = Uxly
= 10 = 14cos at

g =1
TJcosa

Then

1 5
Sy = Uyty + anty

. 5 5 \?
= 0=14sin —4.9
Tcos o Tcoso

sina 25
—0=10"2% 49 =2
cos o (49 cos? oc)

=0=10tano — 2.5 (1 + tan? a)
=25tan’ @ — 10tan@ +2.5 =0

= tan’ o —4tanot +1 =0
44 /42 —4(1)(1)

= tano =
an 2(1)
=0.27,3.73
= a=15°75°.

Using (p,q):
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First we know that

Vprt+gt=14

= p>+q* =196.
We have the following UVAST array.

X-axis  y-axis

Uy=p Uy=4¢q

V=P V=
ax=0 ay=—g
sy =10 5,=0

L=t ty=t.

As being given the range is just a special (and algebraically easier) case of being given a target
hit, we proceed as in those problems.

Sy = Uyly
=10 = pt
10
= ——1.
p

Then

1 2
Sy = uyty + anty

10 10\2
()52
P P

10 100
so-—2-£(22)

p 2\p
50z _ 10
p? P
49
K




11

Plugging this into our other equation yields

4
P+ (2) =196
p

2401
= p*+ o =196

= p* +2401 = 196p°
= p* — 196p> +2401 =0

, 196+ /1967 — 4(2401)
=p = >

=13.13,182.87
= p=3.62,13.52
49 49
1= 362'13.52
= 13.54,3.62.
We still need to find o.
tan o = 4
p
=3.74,0.27

= a="7515°.
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Question — 2022 Q3 (a).

(a) A particle is projected out to sea from a point P on a cliff to hit a target 60 m
horizontally from P and 60 m vertically below P.

The velocity of projection is 14+/3 m s~! at an angle « to the horizontal.
Find
(i) thetwo possible values of a

(ii) the times of flight.

Using (u,0):
(i) We have the following UVAST array. Note s, is negative as we strike the target below P.

X-axis y-axis
u, = 14/3cos @ uy, = 14+/3sin o0
vy = 14y/3cosa vy =

a,=0 ay=—g
sy = 60 sy = —60
=t ty=t.

This is a standard target practice problem (s, < 0 doesn’t make the algebra any harder)
and so we proceed as in those problems.

Sy = Uyly
= 60 = 14v/3cos at
= _0 =1
7v/3cos o ‘
Then
_ 2
Sy = Uyly + 2ayty
30 30 2
= —60=14\3sinot | ———— | 49 ————
(7\@cosa> <7\@cos(x>
sin o 900
—-60=60—— 49 —————
= cos o ? <49(3)cos2a)

= —60 = 60tan o — 30 (1 + tan® &)
= 30tan® o — 60tan ot — 30 = 0
= tan’q —2tano —1 =0
2+ 2411
2(1)
=1+V2
= a =67.5°,-22.5°.

=tano =
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(i1)
30 30

= 5
7v/3¢c0s67.5° " 7v/3cos —22.5°
= 6.47,2.68 seconds.

Using (p,q):

(i) First we know that

VPR +@=14V3

= p*+¢*> =588.
We have the following UVAST array.

X-axis  y-axis

Uy =p Uy=¢q
VX:p Vy:
ax=0 ay=—g

¢ =60 s, =—60
=0 =i

This is a standard target practice problem (s, < 0 doesn’t make the algebra any harder)
and so we proceed as in those problems.

Sy = Uyly
= 60 = pt
60
= — =1.
p
Then
Sy = Uyty + ayt2
2y

2
-ome(5) 4(%)
P 2\ p

:>_60:60q_g<3600>

2

p 2\p
17640 60
S —60=
P P
294

= ——p=q.
p




14

Plugging this into our other equation yields

294 2
p2+(9—p> =588
p

86436

= p*+—— —588+p> =588
p
86436
=2p" — 1176+ —— =0
p

= 2p* — 1176p> + 86436 =0
= p*—588p? +43218 =0

, 5884 /5882—4(43218)
=p = 5
— 29441472
= p=9.28,224
204 294
928 —928
=22.4,-9.275.

=g 22.4

‘We still need to find .

tano = g

=2.41,-0.41
= a=67°,-22°

(i)
60 60

1= 928224
= 6.47,2.68 seconds.
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Question — 2021 Q3 (a).

(a)

A particle is projected from a point O with speed v m s at an angle a to the
horizontal.

u?sin2a

(i) Show that the range of the particle is p— u
2
and that the maximum range 10Q| is —. /
g ® ®

If the angle of projection is increased to 60° the particle P

strikes the horizontal plane at P.

(ii) Find the distance |PQ] in terms of u.

Q

Using (u,0):

(1) We have the following UVAST array.

X-axis y-axis
Uy =UCOSO Uy =usina
Vy = UCOSQ V) =

a,=0 ay=—g
S = sy =0
=t ty ="t.
_ 15
Sy = Uyly + anty
= 0 =usinat — gtz
= %tz = usinat
2usin o
=t= i
8
Then
Sy = Uxly
2usin
= Ucoso
_ 2u?cosasin @
8
_ u?sin2a
8

As sin2¢ < 1 for any o and is equal to 1 when o = 45°, the maximum range is

M2

8
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(i) From part (i), when o¢ = 60° the range is

u?sin2(60°)  u*/3

g 2g

Using (p,q):
(1) We have the following UVAST array.

Xx-axis  y-axis

Uy=p uUy,=4¢q
V=g Vy=
ax=0 ay,=—g
Sy = sy =0

L=t ty=t.

L
Sy = Uyly + anty

Then

Sx = Uxly
29

8

_ 2
= p .

Even though we used p,q we still need to convert our answer into an expression in (u, 0)
in the end.

2(ucos 0)(usin®)

8
B 2u?cos osin
8
u*sin2a
g

Sy =

As sin2a < 1 for any & and is equal to 1 when o = 45°, the maximum range is

u2

8
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(ii) From part (i), when o = 60° the range is

u?sin2(60°)

u*/3

8

2g
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Question — 2020 Q3 (a).

(a) A particle is projected from a point P with speed u m s at an angle a to the horizontal.

2u?sinacosa

(i)  Show that the range of the particle is

The particle is 24-5 m above the horizontal ground after 5 seconds and it strikes the
ground 235:2 m from P.

(ii) Find the value of u.

Using (u,0):
(i) We have the following UVAST array.

X-axis y-axis
Uy =uUCoSC iy =usina
Vy = UCOSQ V) =

a,=0 ay=—g
Sy = sy =0
=t ty=t.

15
Sy = Uyly + anty
= 0 =usinot — gtz

= %tz = usin ot

_ 2usin o
8

Then

Sy = Uyly
2usin
8
_ 2u*cosasina
= . .

=ucoso

(i) The second piece of information tells us that

2u?cos osin @
8

=1235.2.
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The first gives us the following UVAST array.

X-axis y-axis
Uy =uUCoSC iy =usina
Vy = UCOSQ V) =

a,=0 ay=—g
S = sy =245
=3 5 =9.

1 >
Sy = Uyty + anty
= 24.5 = Susina — 122.5

= 147 = Susin .

Given the two simultaneous equations

2u? i
u”cos o sin o 2352,
8
Susino = 147

it’s easiest to write the second one in terms of u and substitute it into the first one.

Susina = 147
_ 294
 sino
2(24) cosasina
= (Sm ) cossIne _ 235.2
8
(i?fz'?f) cos o sin
= =235.2
8
o
= 176422 — 9352
ao
1 4
tana 3
=tano = 3
4
3
= sinQ = 5 (by drawing a triangle or otherwise)
29.4
S
5
=49 m/s.

Using (p,q):
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(i) We have the following UVAST array.

X-axis  y-axis

Uy =p Uy=4¢q
Ve=q Vy=
ax=0 ay,=—g
G = sy =0

15
Sy = Uyly + anty
8.2
=0=qt— =t
)
82
= 2¢f — gt
3 q
2
P
8
Then
Sy = Uyly
_ 4
8
_2pg
8
Even though we used p, g we still need to convert our answer into an expression in (u, )
in the end.
2(ucos 0)(usin®)
G =
8
_ 2u?cos o sin &
P .

(i) The second piece of information tells us that

2
P4 _ 5359,

8
The first gives us the following UVAST array.

Xx-axis  y-axis

Uy =p Uy=¢gq

Vx=DP Vy=
ax=0 ay,=-g
S = sy =245

=5 t,=5.
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1 2
Sy = Ltyty + anfy
=24.5=59g—122.5

=294 =q.
Then, going back to the first equation,

2
P4 _ 9359
g

2p(29.4

_ 2(294)
8
= p=239.2.

=235.2

Finally, we still have to find u.

u=+/p*+q*
= 1/39.22 429.42

=49 m/s.
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Question — 2019 Q3 (a).

3. (a)

Find

(i) thevalue of @, the angle of projection

A particle is projected with speed 40 m s~ from a point A
on the top of a vertical cliff of height 30 m.

The maximum height reached by the particle is 42 m
above the horizontal ground, at point B.

It strikes the ground at C.

42

(ii) the horizontal range of the particle

(iii) the speed of the particle as it hits the ground at C.

Using (u,0):

(1) Ending the journey at B we have the following UAVST array. We have the following

UVAST array.

X-axis y-axis
uy =40coso uy, =40sino

vy =40cosa v, =0

a,=0 ay=—g
S = sy =12
=t ty=t.
2_ 2
vy —uy—i—Zaysy

= 0% = (40sina)* — 2g(12)
= 24g = 1600sin’ o
= 0.147 =sin’ «
= 10.147 =sinx
=>2225~=aw.

(i) Drawing a new UVAST array where the journey ends at C, with & now known.

X-axis y-axis

uy =36.94 u,=15.34
vy =3694 v, =
a,=0 ay=—g
T = sy = —30

=t ty=t.
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1 2
Sy = Uyty + anty
= —30 = 15.34t —4.9¢>
=492 —1534r—-30=0
t: 15.34 4 /15.342 — 4(4.9)(-30)
2(4.9)
= 4.49, —136
= Sy = Uyl

— 36.94(4.49)

= 165.88 m.

(iii) It’s actually easiest to use the Principle of Conservation of Energy to calculate the speed
(unlike if we were asked for velocity). Letting the ground under the cliff be the baseline
when calculating potential energy heights and letting v be the speed at C,

PE.;1+KE,; =PE,+KE.,

40)? g
:>mg(30)+m( ) =0+
2 2
= 60g + 1600 = ?
= 46.78 m/s = v.

Using (p,q):

(i) First note that

VvV p?+q* = 40.

Ending the journey at B we have the following UAVST array. We have the following
UVAST array.

X-axis  y-axis
Uy =p Uy=4¢q

vww=p vw=0
ay=0 ay,=-—¢g
S = sy =12

L=t ty=t.

vi = u}2 +2aysy
= 0% = ¢* —2g(12)
= 24g = q2

= \/24g =gq.
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Then

VPP +q* =40
= p? +24g = 407
= p~36.94

= o =tan"! (q)
p

~ 22.5°.

(i) Drawing a new UVAST array where the journey ends at C, with p and g now known.

Xx-axis y-axis

u, =36.94 u,=15.34
vy =36.94 v, =
a,=0 ay=—g
Sy = sy = —30
=t ty=t.

1 2
Sy = Uyty + anty
= —30 = 15.34t —4.9¢>
= 49> —1534r—30=0
L 15.34 4 /15.342 — 4(4.9)(-30)
2(4.9)
= 4.49, 136
= Sx = Uyl

= 36.94(4.49)

= 165.88 m.

(iii) It’s actually easiest to use the Principle of Conservation of Energy to calculate the speed
(unlike if we were asked for velocity). Letting the ground under the cliff be the baseline
when calculating potential energy heights and letting v be the speed at C,

PE..,+KE., =PE.,+KE.,

m(d0? _ ., m*
2 2

= 60g + 1600 = 1*
= 46.78 m/s = v.

= mg(30) +
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Question — 2018 Q3 (a).

3. (a) A particleis projected from a point P with speed 60 m s~! at an angle of 30° to the
horizontal. At the same time a second particle is projected from a point Q with speed
50 m s~ at an angle 8 to the horizontal. P and Q are on the same horizontal level and

are 100 m apart. The particles collide at R as shown in the diagram.

3 R
(i) Showthatsinfi ==

L ]
5 /
" . . 30°
(ii)  Find the distance |PR|. P

)Y

100 m >

Using (u,0):

(i) Calculating the velocity for P, partially for Q and setting s,p = 5,0 = s as well as all times

equal we have the following UVAST array for both objects.

P Q
x-axis y-axis Xx-axis y-axis
up = 30V/3 uyp =30 uyp = 50cos 8 qui 50sin 3
vep = 3003 Vyp = Vo =50cos B vy =
axp =0 ayp = —8 axg =0 ayg = —8
Syp = Syp =S SxQ = Sy =S
=t typ=t Lo=t1 tyo =t.

Using s = ut + %at2 on both y columns and setting them equal we have

1 1
Uyplyp + anPtsz = Uyolyp + anQtyQQ
82 . 8.2
=30t — =t~ =50sin Bt — =¢
3 sin 8 3
= 30t = 50sin B¢

3
=3 =sinf.

(ii) By drawing a triangle or otherwise we can quickly show that cos § = %. Then

|PQ| = sxp+ syp
= 100 = u,ptp + Ux0txQ
= 100 = 30v/3t +40¢
=1.09 =¢.

Then

s.p = 30V/3t
= 56.5
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and
15
Syp = Uyptyp + anplyp
=30(1.09) — %(1.09)2
26.88.
Then
|PR| = \ S§P+S§P
= 62.57 m.
Using (p,q):

(i) Calculating the velocity for P, partially for Q and setting s,p = 5,0 = s as well as all times
equal we have the following UVAST array for both objects.

P Q
x-axis y-axis X-axis  y-axis
up=30v3 wp=30 up=p up=gq
vep = 304/3 Vyp = Vip=P Vyo=
axp =0 ap=—-¢ axp=0 ayp=-¢
Sxp = Syp = § SxQ = Sy0 =S
yp =t typ=t Lo=1 [ILip=I.

Using s = ut + %at2 on both y columns and setting them equal we have

1 1
Uyplyp + anPtsz = Uyglyo + anQtyzQ

82 8 2
=30t —=t"=qt— =t
7~ g
= 30t = gt
=30=gq.

Then

Vp*+4¢* =50
= p*+900 = 2500
= p=40

=tanf} =

L S IS

4

By drawing a triangle or otherwise we can quickly show that sin 8 = <.

(i1) Same as with u, 6.
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Question — 2017 Q3 (a).

‘9 h
3. (a) A particleis projected with speed % from a point P on the top of a cliff of height h.

It strikes the ground a horizontal distance 3h from P.
(i) Find the two possible angles of projection.
(ii) For each angle of projection find, in terms of h, the time it takes the particle to

reach P.

Note: (ii) should read “hits the ground”, not “reaches P”.

Using (u,0):
(i) We have the following UVAST array.

X-axis y-axis

Uy = #cose u, = %sin@
vx:\/%cose vy =

a,=0 ay=—g

sy = 3h sy=—h

iy =0 ty=t.

We first use s, = u,f to get

/9gh
3h = 9%cos@t

3h

%cos@

onz 1
Yeh e
%cose

= % ! =1
g cos®
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Using this value for ¢ in the equation s = ur + %at2 in the y variables we get

2
9gh . 2h 1 g 2h 1
—h=4/—=—sin0/ — —= —
2 g cosf 2 g cosf

sin@ g2h 1
—h=+op "2 822
cosO 2 g cos?O

1
—h=3htan0 —h———
= an cos2 0

= —1=3tan6 — (1+tan’0)

= tan’ 6 —3tan0 =0
= tan O (tan® —3) =0

=tanfO = 0,3
=0 =0°72°
(i) IftaanO,f&thencostl,\/% so that
_ [
~\/ g cos
2h  [2h
=4/—,4/—V10
8 8
_[2h |20h
g'\ g

Using (p,q):

(i) Letu=pi+ q f We know the since the initial speed of the object is % that

9gh
2 S VPTE

9gh

we have the UVAST array

Ug=p Uy=¢q
Va=p W=
ay=0 ay,=-—¢g
sx=3h s,=—h
L=t ty=t.

This gives us one equation in p and ¢, admittedly in terms of 4. To get the other equation
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We first use s, = u,t to get

3h = pt
3h

= — =t
p

Using this value for ¢ in the equation s = ut + %aﬂ in the y variables we get

+=o(3)5(5)

po 3 _ g9
p 2P
9gh*  3hgq
2p> " p
9gh?
= 5 pp=3hg
2p
3gh_p_
2p 3

Substituting this expression for g into the first equation we get

9gh 3gh 2
g_ﬁ+<53_p>

2 2p 3
9g2h2 p2
2
= —oh+ —
Pt 2p? gn+ 9

10, 1lgh  9g°R?
TP T Ty
10 11gh 9g2h2
_ Va4 18 e g
9 2 2

=0

=0 p

Recognising this as a quadratic in p? and using the quadratic formula we get

lgh | 11gh 2_4&9g2h2
) 2 2 9 2

10
23

11gh 121202 1 279
Ugh . [RIEI _ 1002
20
9
11gh 8122
2 a 4

© oS

11gh h
5 t5
20
9
_ 9gh 9gh
272

0
_ [9gh 9gh
“P=\V "2\ 20"
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Using either equation in p and g we can show that

8lgh
=0 .
q=>"0, 20
Therefore the angle of projection 0 satisfies
tanf = <
p
8lgh
o, 20
9gh
20
=0,3
=60=0,72°.
(i1)
3h
t=—
p
_ 3h 3h
— [osn’ [ogh
2 20
9h? 9h?
VTR VAT
2 20
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Question — 2016 Q3 (a).

(a) A ball is thrown from a point 4 at a target 7, 4 | 30°
which is on horizontal ground. The point 4 R
is 17-4 m vertically above the point O on the ..
ground. The ball is thrown from A4 with speed 17:4m \\\ C
25 m s ! at an angle of 30° below the horizontal. °
The distance OT'is 21 m. Y
The ball misses the target and hits the ground —e
at the point B, as shown in the diagram. 0 2l m T
Find
(i) the time taken for the ball to travel from 4 to B
(ii) the distance 7B.

The point C is on the path of the ball vertically above T.
(iii) Find the speed of the ball at C.

(i) We have the following UVAST array. Notice that this is a rare case of us knowing the
initial velocity of the object. Also see that u, < 0.

X-axis y-axis
uy=12.5v3 u,=-12.5
W = 12.5V/3 vy =
a,=0 ay=—g
Sp = sy=—17.4
=0 =i
Then
1 2
Sy = Uyt + anty
= —17.4 = —12.5t — 4.9¢*
=492 4+12.5t—17.4=0
R VAR V12.52 — 4(4.9)(—17.4)
N 2(4.9)
= =355, 1 seconds.
(i) As
Sy = Uyly
=12.5V3(1)
=12.5V3
we have

|TB| =12.5V/3 — 21
=0.65 m.
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(iii) If we think of the journey ending at C we have the following UVAST array.

X-axis y-axis
uy=12.5v3 wuy=—12.5
Vy = 12.5V/3 vy =
a,=0 ay=—g
sy =21 sy =
fro =i fiy — 6
Then
Sx = Uyly
=21 =12.5V3t
=0.97=1.
Then

Vy = Uy +ayty
=—12.5— 9.8(0.97)
= —22.006.

See how we were asked for the speed, not the velocity at C.

[v| = /v +v}

= \/(12.5\/5)2+22.0062
—30.87 m/s.




33

Question — 2015 Q3 (a).

(a) A tennis player, standing at P, serves a tennis ball from a height of 3 m to strike the
court at Q. The speed of serve is 50 m s atan angle S to the horizontal.

'

~

12m

t”TE;;*

(i) Find the two possible values of tan £.
(ii) For each value of tan £ find the time, ¢, it takes the ball to reach Q.

(iii) If the tennis player chooses the smaller value of ¢, by what distance does the ball
clear the net?

Using (u,0):

(i) This is a standard target practice problem, with the following UVAST array. Notice that
sy = —3,not 0.

X-axis y-axis
uy =50cosf u, =50sinf
vy =50cosB v, =

a,=0 ay=—g
sy = 18.5 sy =-3
=t ty=t.

We first use s, = u,f to get

18.5 = 50cos Bt
185
50cos@®
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Using this value for ¢ in the equation s = ur + %at2 in the y variables we get

. 18.5 g/ 185 \?
—3=50 =
sinp <500050> 2 <5000s9>
18.5sin 3 0.1369
=——F 49
cos 3 cos? B
= —3=18.5tan8 — 0.67081 (1 + tan’ 3)
= 0.67081tan’ B — 18.5tan § —2.32919 = 0

18.5+ /18.52 — 4(0.67081)(—2.32919)
2(0.67081)

= -3

=tanf} =

=—0.13,27.7.

(i) From part (i),

tan = —0.13,27.7
= B =—7°88°.

Then

o 18.5
50cos B
B 18.5 18.5
~ 50cos(—7°)" 50cos 88°
=0.37,10.6 seconds.

(iii) We have the following UVAST array, with the initial velocity calculated using f = —7°.

x-axis y-axis

iy =49.63 u, = 6.09
vy =49.63 v, =
a,=0 ay=—g
sy =12 sy =
=t ty=t.

Sy = Uyly
= 12 =49.63¢
= 0.24 =1t.

Then

1 >
Sy = Uyty + anty

=6.09(0.24) —4.9(0.24)?
=1.18m

so that it clears the net by

1.18—1=0.18 m.
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Using (p,q):
(i) Letu = pi+qj. We know the since the initial speed of the object is 50 that

50=+/p*+4?

= 2500 = p* + ¢*.

This gives us one equation in p and g. To get the other equation we have the UVAST array

X-axis y-axis
Uy=p Uy, =q
Ve=p =
a,=0 ay=—g

sx=18.5 s5,=-3
=t ty=t.

We first use s, = u,t to get

18.5 = pt
18.5
= — =
p

t

Using this value for ¢ in the equation s = ut + %at2 in the y variables we get

18.5\ g /185)°
=g —=)-2({—=
p 2\ p

18. 42.2
_185¢ 34225

= -3 o
p p
1677.025 18.5
> ———=-3=-—
p p
90.65 6p
)4 37 4

Substituting this expression for g into the first equation we get

90.65 6p\°
2500 = p* 4 | —— — —=
p+< p W)
8217.4225 36p°
2
= o 2944 2
+ 2 941 360
1405 8217.4225
=>0=——p°> 25294+ —
13697 7
14
:o—gﬂiﬂ—%34ﬁ+mn425

1369
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Recognising this as a quadratic in p? and using the quadratic formula we get

p? =3.25,2461.34
= p=18,49.61.

Then
B 90.65 6p

==
_90.65 6(1.8) 90.65 6(49.61)
1.8 37 ’49.61 37

=50.07, —6.22.

Ignoring the fact that ¢ < 50 and chalking up to rounding error, we get
tanf = £

p

~50.07 —6.22

1.8 7 49.61
=27.82,—0.13.

(i1) Same as with u, 6.

(iii)) Same as with u, 6.
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Question — 2005 Q3 (a).

(a) A ball is projected horizontally from
a point g above a smooth horizontal plane
with speed 2 m/s.
The ball first hits the plane at a point whose
horizontal displacement from g is 0.4 m.
The ball next strikes the plane at a
horizontal displacement of 1 m from gq.
The coefficient of restitution between the ball
and the plane is e.

Find the value of e.

2 m/s

0.4m

0.6 m

We have the following UVAST array for both parts.

First Part Second Part
x-axis y-axis X-axis y-axis
U1 =2 uy =0 =2 up=
Vxl = 2 Vyl = Vx2 = 2 Vy2 =
ax =0 ayl = —8 ap =0 ay = —§8
Sx1 — 0.4 Sy1 = Sy2 = 0.6 Syz =0
Ix1 =1 =1 In=0n hypy=10n

In the first part we have

Sx1 = Ux1lx1
= 0.4 =21
=0.2=n

so that

Vyl = Uyl +ay1ly1
=—1.96.

Then

Uy = —e(—1.96)
= 1.96e.

In the second part,

Sx2 = Ux2tx2
= 0.6 =2n
=0.3=1.

Uy = —evy

Extra Equations
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Then

1
Sy2 = Uyly + zaygl‘fz
= 0= 1.96¢(0.3) —4.9(0.3)?
= 0.441 = 0.588¢

=0.75=e.




