
Differential Equations Exam Question
Solutions

Note These exam questions are given in reverse chronological order as they appear in exam
papers; 2023 (deferred), 2023, Sample paper, 2022 (deferred), 2022, and so on back to 2015. As
all old syllabus questions are relevant to the new syllabus all are included. Some exam questions
that are related to earlier questions involving difference equations are also included, so some
understanding of difference equations would be required.

In the solving of initial value problems, sometimes definite integrals are used and sometimes
indefinite integrals are used. This is based on the perceived speed of each method for the question
at hand, although both can be used for any initial value problem. As a rule of thumb, indefi-
nite integrals are used if integration results in logarithms and definite integrals are used otherwise.

Note that these solutions calculate anti-derivatives of functions of the form f (a+bx) where f (x)
is a simple function whose integral is known, without stating that integration by substitution is
being applied. For example, integrals like

∫ 1
3+2x dx = 1

2 ln |3+2x|+C, or∫
cos(5−2t) dt = 1

−2 sin(5−2t)+C are done in one line, as shown in my notes.
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Question — 2023 Deferred Q2 (b)(iii).

The idea is to replace En+1−En, the discrete difference, with dE
dn , the continuous rate of change.

Then replace En with E.

En+1 = 1.15En−C

⇒ En+1−En = 0.15En−C

⇒ dE
dn

= 0.15E−C.
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Question — 2023 Deferred Q4.
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(i)

dP
dt

= 0.08P, P(0) = 20

⇒
∫ 1

P
dP =

∫
0.08t dt

⇒ ln |P|= 0.08t +C

⇒ |P|= e0.08t+C

⇒ P =±eCe0.08t

=Ce0.08t .

P(0) = 20

⇒ 20 =Ce0.08(0)

⇒ 20 =C

⇒ P = 20e0.08t .

(ii)

P(12) = 20e0.08(12)

≈ 52

(iii) Although it’s true at the beginning, P will not stay small relative to K forever and so the
assumption of 1− P

K ≈ 1 breaks down at some point.

(iv)

dP
dt

= 0.08P
(

1− P
K

)
= 0.08P

(
K
K
− P

K

)
= 0.08P

(
K−P

K

)
⇒
∫ 1

P(K−P)
dP =

∫ 0.08
K

dt

⇒ 1
K

∫ 1
P
+

1
K−P

dP =
∫ 0.08

K
dt

⇒ 1
K
(ln |P|− ln |K−P|) = 0.08

K
t +C

⇒ ln
∣∣∣∣ P
K−P

∣∣∣∣= 0.08t +C

⇒
∣∣∣∣ P
K−P

∣∣∣∣= e0.08t+C

⇒ P
K−P

=±eCe0.08t

=Ce0.08t .

C will get split up over different terms if we go much further, so now is a good time to
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calculate C. If P(0) = 20,

20
K−20

=Ce0.08(0)

⇒ 20
K−20

=C

⇒ P
K−P

=
20

K−20
e0.08t

⇒ P = (K−P)
20

K−20
e0.08t

= K
20

K−20
e0.08t −P

20
K−20

e0.08t

⇒ P
(

1+
20

K−20
e0.08t

)
= K

20
K−20

e0.08t

⇒ P
(
K−20+20e0.08t)= 20Ke0.08t

⇒ P =
20Ke0.08t

K−20+20e0.08t .

(v) If P(12) = 39,

39 =
20Ke0.08(12)

K−20+20e0.08(12)

=
20Ke0.96

K−20+20e0.96

⇒ 39(K−20+20e0.96) = 20Ke0.96

⇒ 39K−780+780e0.96 = 20Ke0.96

⇒ K(39−20e0.96) = 780−780e0.96

⇒ K =
780−780e0.96

39−20e0.96

⇒ K ≈ 95.

(vi) K is a fixed point of the differential equation, i.e. P(t) = K is a constant solution of it. The
population therefore cannot exceed K, although it gets closer to it over time.
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Question — 2023 Deferred Q5.

(ii)

dv
dt

=−g− kv

⇒
∫ 1
−g− kv

dv =
∫

dt

⇒ 1
−k

ln |−g− kv|= t +C

⇒ ln |g+ kv|=−kt +C

⇒ |g+ kv|= e−kt+C

⇒ g+ kv =±eCe−kt

⇒ kv =−g+Ce−kt

⇒ v =−g
k
+Ce−kt .

If v(0) = 20,

20 =−g
k
+Ce−k(0)

⇒ 20+
g
k
=C

⇒ v =−g
k
+
(

20+
g
k

)
e−kt .
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(iii) If k = 0.1225 and we want t when v = 0, putting both of these in we get

0 =− g
0.1225

+
(

20+
g

0.1225

)
e−0.1225t

⇒ 80 = 100e−0.1225t

⇒ 4
5
= e−0.1225t

⇒ ln
4
5
=−0.1225t

⇒ 1
−0.1225

ln
4
5
= t

⇒ 1.82 = t.

(iv) If we take the downwards direction to be positive, then gravity acts in the same direction
as acceleration but air resistance doesn’t. So we get

dv
dt

= g− kv.
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Question — 2023 Deferred Q7.

Note: As this document is for differential equations questions we will skip (i) and (ii): the

velocity of Q after collision is
√

10
9 u rightwards.
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(iii) We get work done by integrating the force we’re resisting over the distance we resist it, so

W =
∫ x

0
ks ds

=
ks2

2

∣∣∣∣∣
x

0

=
kx2

2
.

(iv) Letting x be the maximum displacement,

F = ma

⇒−ks = ma

⇒−ks = mv
dv
ds

⇒
∫ x

0
−ks ds =

∫ 0
√

10
9 u

mv dv

⇒−ks2

2

∣∣∣∣∣
x

0

=
mv2

2

∣∣∣∣∣
0

√
10
9 u

⇒−kx2

2
+0 = 0−

m
(√

10
9 u
)2

2

⇒ kx2 = m
10
9

u2

⇒ x2 =
10m
9k

u2

⇒ x =

√
10m
9k

u.

The Work Energy equation can also be used, setting the kinetic energy at the start equal to
the work done during.
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Question — 2023 Q1 (b).

(i)

ds
dt

= 2te−t

⇒ s(t)− s(0) =
∫ t

0
2te−t dt.

u = 2t and dv = e−t dt

⇒ du = 2 dt and v =−e−t

⇒ s(t) = 2t(−e−t)

∣∣∣∣∣
t

0

−
∫ t

0
(−e−t)(2 dt)

=−2te−t

∣∣∣∣∣
t

0

+
∫ t

0
2e−t dt

=−2te−t +0−2e−t

∣∣∣∣∣
t

0

=−2te−t −2e−t +2e−0

= 2−2te−t −2e−t .

(ii)

s(3) = 2−6e−3−2e−3

= 2−8e−3.
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Question — 2023 Q4.

(i)

m

4mg mv2

mg

(ii) Taking the downwards direction as positive,

F = ma

⇒ mg−4mg− v2 = ma

⇒−3g− v2 = a

⇒−29.4− v2 = v
dv
ds

.
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(iii) Using integration by substitution on the v side,

−29.4− v2 = v
dv
ds

⇒
∫

ds =
∫ v
−29.4− v2 dv.

Let u =−29.4− v2

⇒ du =−2v dv

⇒−1
2

du = v dv

⇒
∫

ds =
∫ 1

u

(
−1

2

)
du

⇒ s+C =−1
2

ln |u|

⇒ −2s+C = ln |−29.4− v2|
⇒ e−2s+C = |29.4+ v2|
⇒ ±eCe−2s = 29.4+ v2

⇒Ce−2s−29.4 = v2.

If we go any further C will be stuck inside the square root function so now is a good time
to calculate C. We started at the top of the water (so s = 0) at a velocity of v =+15 (it is
+15 as we took the downwards direction to be positive)

Ce−2(0)−29.4 = 152

⇒C = 254.4.

Then

254.4e−2s−29.4 = v2

⇒
√

254.4e−2s−29.4 = v.

(iv) √
254.4e−2D−29.4 = 0

⇒ 254.4e−2D−29.4 = 0

⇒ 254.4e−2D = 29.4

⇒ e−2D =
29.4

254.4

⇒−2D = ln
29.4
254.4

⇒ D = 1.08 m.

(v) Drag acts in the opposite direction while the other forces are unchanged.
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m

4mg

mv2mg

(vi) If the upwards direction is now positive,

F = ma

⇒ 4mg−mg−mv2 = ma

⇒ 29.4− v2 = v
dv
ds

.
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Question — 2023 Q7 (b).
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(i)

dN
dt

= k(2000−N)

⇒
∫ dN

2000−N
=
∫

k dt

⇒− ln |2000−N|= kt +C

⇒ ln |2000−N|=−kt +C

⇒ |2000−N|= e−kt+C

⇒ 2000−N =±eCe−kt

⇒ 2000−N =Ce−kt .

If N(0) = 250,

2000−250 =Ce−k(0)

⇒ 1750 =C

⇒ 2000−N = 1750e−kt

⇒ 2000−1750e−kt = N.

(ii) If N(6) = 1500,

2000−1750e−k(6) = 1500

⇒ 500 = 1750e−6k

⇒ 2
7
= e−6k

⇒ ln
2
7
=−6k

⇒
ln 2

7
−6

= k

⇒ 0.209 = k.

(iii) If N(t) = 2000−1750e−0.209t then the graph starts at 250 when t = 0 and tends to 2000
as time increases.
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Question — Sample Q3 (a).

dv
dt

= a

⇒ v(t) =
∫

a dt

= at +C.

v(0) = u

⇒ u = a(0)+C

⇒ u =C

⇒ v = at +u

⇒ ds
dt

= at +u

⇒ s =
∫
(at +u) dt

=
at2

2
+ut +C.

s(0) = s0

⇒ s0 =
a(0)2

2
+u(0)+C

⇒ s0 =C

⇒ s =
at2

2
+ut + s0.
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Question — Sample Q5 (b).
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(i)

dR
dt

= kR(1200−R)

⇒
∫ 1

R(1200−R)
dR =

∫
k dt

⇒ 1
1200

∫ 1
R
+

1
1200−R

dR =
∫

k dt

⇒ 1
1200

(ln |R|− ln |1200−R|) = kt +C

⇒ ln
|R|

|1200−R|
= 1200kt +C

⇒
∣∣∣∣ R
1200−R

∣∣∣∣= e1200kt+C

⇒ R
1200−R

=±eCe1200kt

=Ce1200kt .

This is a good time to find C. If R(0) = 100,

100
1200−100

=Ce1200k(0)

⇒ 1
11

=C

⇒ R
1200−R

=
1
11

e1200kt

⇒ R = (1200−R)
1
11

e1200kt

=
1200
11

e1200kt − R
11

e1200kt

⇒ R
(

1+
1
11

e1200kt
)
=

1200
11

e1200kt

⇒ R =
1200

11 e1200kt

1+ 1
11 e1200kt

=
1200e1200kt

11+ e1200kt .
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(ii) Going back to a previous equation, if R(2) = 250 then

R
1200−R

=
1

11
e1200kt

⇒ 250
1200−250

=
1

11
e1200k(2)

⇒ 5
19

=
1

11
e2400k

⇒ 55
19

= e2400k

⇒ ln
55
19

= 2400k

⇒ 1
2400

ln
55
19

= k

⇒ 0.00044 = k.

(iii) The important properties of the graph is that it passes through (0,100), (2,250) and
approaches (but never quite reaches) 1200 as t→ ∞.
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Question — Sample Q7 (a)(i).

The force being resisted when stretching the spring is ks where s is the distance the spring has
already been stretched, and so

W =
∫ x

0
ks ds

=
ks2

2

∣∣∣∣∣
x

0

=
kx2

2
.
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Question — 2022 Deferred Q10.

(a) (i)

(1+ t2)
dr
dt

= 1

⇒
∫ r

0
dr =

∫ t

π

4

1
1+ t2 dt

⇒ r

∣∣∣∣∣
r

0

= tan−1 t

∣∣∣∣∣
t

π

4

⇒ r−0 = tan−1 t− tan−1 π

4
⇒ r = tan−1 t−0.67.

(ii)

dy
dx

= (y+4)cos2 3x

⇒
∫ 1

y+4
dy =

∫
cos2 3x dx

⇒
∫ 1

y+4
dy =

∫ 1
2
(1+ cos6x) dx

⇒ ln |y+4|= x
2
+

1
12

sin6x+C

⇒ |y+4|= e
x
2+

1
12 sin6x+C

⇒ y+4 =±eCe
x
2+

1
12 sin6x

=Ce
x
2+

1
12 sin6x.
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If y =−3 when x = 0,

−3+4 =Ce
0
2+

1
12 sin0

⇒ 1 =C

⇒ y+4 = e
x
2+

1
12 sin6x.

When x = π

6 ,

y+4 = e
π

12+
1
12 sinπ

⇒ y = e
π

12 −4.

(b) (i)

a =− v
100

⇒ dv
dt

=− v
100

⇒
∫ 1

v
dv =

∫
− 1

100
dt

⇒ ln |v|=− t
100

+C

⇒ |v|= e−
t

100+C

⇒ v =±eCe−
t

100

⇒ v =Ce−
t

100 .

If v(0) = 80,

80 =Ce−0

⇒ 80 =C

⇒ v = 80e−
t

100 .

(ii) If s is the distance travelled by time t,

v = 80e−
t

100

⇒ ds
dt

= 80e−
t

100

⇒ s =
∫ t

0
80e−

t
100 dt

=−80e−
t

100

1
100

∣∣∣∣∣
t

0

=−8000e−
t

100 +8000.

(iii) To get v in terms of s it’s best to go back to the original differential equation but let
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a = v dv
ds . As v = 80 when s = 0,

a =− v
100

⇒ v
dv
ds

=− v
100

⇒
∫ v

80
dv =

∫ s

0
− 1

100
ds

⇒ v

∣∣∣∣∣
v

80

=− s
100

∣∣∣∣∣
s

0

⇒ v−80 =− s
100

⇒ v = 80− s
100

.
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Question — 2022 Q10.

(a) (i)

dv
dt

= 5−8e−t

⇒ v =
∫

5−8e−t dt

= 5t +8e−t +C.

v(0) = 2

⇒ 2 = 5(0)+8e−0 +C

⇒−6 =C

⇒ v = 5t +8e−t −6.

(ii) v is minimised when dv
dt = 0 (see that d2

dt2 = 8e−t > 0 so any extrema we find will be
a minimum).
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0 = 5−8e−t

⇒ 8e−t = 5

⇒ e−t =
5
8

⇒−t = ln
5
8

⇒ t =− ln
5
8

= ln
8
5
.

v
(

ln
8
5

)
= 5ln

8
5
+8e− ln 8

5 −6

= 1.35 m/s.

(iii)

s =
∫ ln 8

5

0
v dt

=
∫ ln 8

5

0
5t +8e−t −6 dt

=
5t2

2
−8e−t −6t

∣∣∣∣∣
ln 8

5

0

= 0.73 m.

(b) (i) The question says

dx
dt

=−k

for some constant k > 0.

dx
dt

=−kx

⇒ 1
x

dx =−k dt

⇒
∫ 1

x
dx =

∫
−k dt

⇒ ln |x|=−kt +C

⇒ |x|= e−kt+C

= eCe−kt

=Ce−kt

⇒ x =±Ce−kt

=Ce−kt .
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x(0) = N so that

N =Ce−k(0)

⇒ N =C

⇒ x = Ne−kt .

(ii)

N
3
= Ne−14k

⇒ 1
3
= e−14k

⇒ ln
1
3
=−14k

⇒
ln 1

3
−14

= k

⇒ ln3
14

= k.

(iii) First we solve x(s) = N
4 .

N
4
= Ne−ks

⇒ 1
4
= e−ks

⇒ ln
1
4
=−ks

⇒ ln4
k

= s

⇒ 17.66 = s.

Therefore

t = s−14

= 3.66 hours.
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Question — 2021 Q10.

(a) (i) As P = Fv where F is the only force acting on the car,

3000 = Fv

⇒ 3000
v

= F

= ma

= 1200a

⇒ 2.5
v

=
dv
dt

⇒ 2.5 dt = v dv

⇒
∫ 180

0
2.5 dt =

∫ v

0
v dv

⇒

∣∣∣∣∣
180

0

2.5t =

∣∣∣∣∣
v

0

v2

2

⇒ 450 =
v2

2
⇒ 900 = v2

⇒ 30 = v.

(ii) The average speed is the distance travelled divided by time. We therefore want s
when v = 30 or t = 180 (whichever is easier). Looking at our work in part (i) and
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ignoring the definite part of the integral,

2.5t +C =
v2

2
⇒ 5t +C = v2.

As v = 0 when t = 0,

5(0)+C = 02

⇒C = 0

⇒ 5t = v2

⇒
√

5t = v

⇒
√

5
√

t =
ds
dt

⇒
√

5t
1
2 =

ds
dt

⇒
√

5
t

3
2

3
2

∣∣∣∣∣
180

0

= s

⇒ 2
√

5
3

(180)
3
2 = s

⇒ 3600 = s.

The average speed is then

s
t
=

3600
180

= 20 m/s.

Note: We could have also used 3000
v = 1200a by letting a = v dv

ds to find s when
v = 30.

(b) (i)

dP
dt

= kP

⇒ 1
P

dP = k dt

⇒
∫ 1

P
dP =

∫
k dt

⇒ ln |P|= kt +C

⇒ |P|= ekt+C

= eCekt

=Cekt

⇒ P =±Cekt

=Cekt .
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If P(0) = N, P(15) = 3N so that

N =Cek(0)

⇒ N =C

⇒ P = Nekt

⇒ 3N = Ne15k

⇒ 3 = e15k

⇒ ln3 = 15k

⇒ ln3
15

= k.

(ii) In this case

dP
dt

= kP−10

⇒ dP
kP−10

= dt.

We have P(0) = 120 and want to know t when P(t) = 0.

dP
kP−10

= dt

⇒
∫ 0

120

dP
kP−10

=
∫ t

0
dt

⇒ 1
k

ln |kP−10|

∣∣∣∣∣
0

120

= t

∣∣∣∣∣
t

0

⇒ 1
k

ln |−10|− 1
k

ln |120k−10|= t

⇒ 28.82 days = t.

(iii)

N
3
= Ne−14k

⇒ 1
3
= e−14k

⇒ ln
1
3
=−14k

⇒
ln 1

3
−14

= k

⇒ ln3
14

= k.
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Question — 2020 Q10.

(a) (i) Assuming x(0) = 0 (i.e. there is no dye at the beginning of the immersion),

dx
dt

=
1

50
(P− x)

⇒ dx
P− x

=
1

50
dt

⇒
∫ 5P

8

0

dx
P− x

=
∫ t

0

1
50

dt

⇒− ln |P− x|

∣∣∣∣∣
5P
8

0

=
t

50

∣∣∣∣∣
t

0

⇒− ln
∣∣∣∣3P

8

∣∣∣∣+ ln |P|= t
50

⇒ ln

∣∣∣∣∣ P
3P
8

∣∣∣∣∣= t
50

⇒ 50ln
8
3

sec = t.
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(ii) In this case

dx
dt

=
1

50
P

⇒ x =
1

50
Pt.

If x(t) = 5P
8 ,

5P
8

=
1

50
Pt

⇒ 125
4

sec = t.

(b) (i)

a =−4vn+1

⇒ dv
dt

=−4vn+1

⇒ 1
vn+1 dv =−4 dt

⇒
∫ v

u
v−n−1 dv =

∫ t

0
−4 dt

⇒ v−n

−n

∣∣∣∣∣
v

u

=−4t

∣∣∣∣∣
t

0

⇒− 1
nvn +

1
nun =−4t

⇒ 1
nun +4t =

1
nvn

⇒ 1
nun +

4tnun

nun =
1

nvn

⇒ 1+4tnun

nun =
1

nvn

⇒ nun

1+4tnun = nvn

⇒ un

1+4tnun = vn

⇒ u
n
√

1+4tnun
= v.

(ii) Now

u
3
√

1+12tu3
= v

and we want v when s = 3. We could integrate v(t) to find s(t), find t when s = 3
and go back to finding v. But any differential equation involving a can be written as
a differential equation in v and s. This is better, as we want v for a certain value of s
and don’t actually care about time. Considering v as a function of s, with s = 0 at the
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beginning of the movement, v(0) = u and

a =−4v4

⇒ v
dv
ds

=−4v4

⇒ 1
v3 dv =−4 ds

⇒
∫ v

u
v−3 dv =

∫ 3

0
−4 ds

⇒ v−2

−2

∣∣∣∣∣
v

u

=−4s

∣∣∣∣∣
3

0

⇒− 1
2v2 +

1
2u2 =−12

⇒ 1
2u2 +

24u2

2u2 =
1

2v2

⇒ 1+24u2

2u2 =
1

2v2

⇒ 2u2

1+24u2 = 2v2

⇒ u2

1+24u2 = v2

⇒ u√
1+24u2

= v.
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Question — 2019 Q10.

(a) (i) We are told three things: v(0) = 15, v(2.5) = 2.5 and v′(2.5) = 0. This will give us
three equations in three variables a, b and c.

v(0) = 15

⇒ 15 = a(0)2 +b(0)+ c

⇒ 15 = c.

v(2.5) = 2.5

⇒ 2.5 = a(2.5)2 +b(2.5)+15

⇒−12.5 = 6.25a+2.5b

⇒−50 = 25a+10b

⇒−10 = 5a+2b.

v′(t) = 2at +b.

v′(2.5) = 0

⇒ 0 = 2a(2.5)+b

⇒−5a = b.
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Substituting b =−5a into −10 = 5a+2b gives

−10 = 5a+2(−5a)

⇒−10 =−5a

⇒ 2 = a

⇒ b =−5(2)

=−10.

(ii)

v(t) = 2t2−10t +15

⇒ a(t) = v′(t)

= 4t−10

⇒ a(4) = 6.

(iii) The distance travelled in the third second of motion is equal to∫ 3

2
v(t) dt =

∫ 3

2
2t2−10t +15 dt

=

(
2t3

3
−5t2 +15t

)∣∣∣∣∣
3

2

=

(
2(3)3

3
−5(3)2 +15(3)

)
−
(

2(2)3

3
−5(2)2 +15(2)

)
= 18− 46

3

=
8
3
.

(b) (i) Taking the downwards direction as positive, the resistance force acts upwards and so

F = ma

⇒ mg− kmv = ma

⇒ g− kv =
dv
dt

⇒
∫

dt =
∫ 1

g− kv
dv

t +C =
1
−k

ln |g− kv|

⇒ −kt +C = ln |g− kv|
⇒ e−kt+C = |g− kv|
⇒ ±eCe−kt = g− kv

⇒ kv = g+Ce−kt

⇒ v =
g
k
+Ce−kt .
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If v(0) = u, then

u =
g
k
+Ce−k(0)

⇒ u− g
k
=C

⇒ v =
g
k
+
(

u− g
k

)
e−kt

=
g
k
−
(g

k
−u
)

e−kt .

(ii) In this case

v(t) =
9.8
0.98

−
(

9.8
0.98

−9.8
)

e−0.98t

= 10−0.2e−0.98t

⇒ Distance travelled =
∫ 4

0
10−0.2e−0.98t dt

=

(
10t +

0.2
0.98

e−0.98t
)∣∣∣∣∣

4

0

=

(
10(4)+

10
49

e−0.98(4)
)
−
(

0+
10
49

)
= 39.8 m/s.
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Question — 2018 Q10.

(a)

dy
dx

= 3sin3x+ cos5x

⇒
∫ y

1
dy =

∫ π

2

π

4

3sin3x+ cos5x dx

⇒ y

∣∣∣∣∣
y

1

=

(
−cos3x+

1
5

sin5x
)∣∣∣∣∣

π

2

π

4

⇒ y−1 =

(
−cos3

(
π

2

)
+

1
5

sin5
(

π

2

))
−
(
−cos3

(
π

4

)
+

1
5

sin5
(

π

4

))
⇒ y = 1+

1
5
−
(

1√
2
− 1

5
√

2

)
=

6
5
− 4

5
√

2
.
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(b) (i)

dx
dt

=
x

40
−n

⇒
∫ 1

x
40 −n

dx =
∫

dt

⇒ 1
1

40

ln
∣∣∣ x
40
−n
∣∣∣= t +C

⇒ ln
∣∣∣ x
40
−n
∣∣∣= t

40
+C

⇒
∣∣∣ x
40
−n
∣∣∣= e

t
40+C

⇒ x
40
−n =±eCe

t
40

⇒ x
40

= n+Ce
t

40

⇒ x = 40n+Ce
t

40 .

If x(0) = P,

P = 40n+Ce
0

40

⇒ P−40n =C

⇒ x = 40n+(P−40n)e
t

40 .

(ii)

29734 = 40(800)+(30000−40(800))e
t

40

⇒ 29734 = 32000−2000e
t

40

⇒−2268 =−2000e
t

40

⇒ 567
500

= e
t

40

⇒ ln
567
500

=
t

40

⇒ 40ln
567
500

= t.
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Question — 2017 Q10.

(a) (i)

a = 25−10v

⇒ dv
dt

= 25−10v

⇒
∫ 1

25−10v
dv =

∫
dt

⇒ 1
−10

ln |25−10v|= t +C

⇒ ln |25−10v|=−10t +C

⇒ |25−10v|= e−10t+C

⇒ 25−10v =±eCe10t

⇒−10v =−25+Ce−10t

⇒ v = 2.5+Ce−10t .

If the particle starts from rest v(0) = 0 and so

0 = 2.5+Ce−10(0)

⇒−2.5 =C

⇒ v = 2.5−2.5e−10t .
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(ii)

v = 2.25

⇒ 2.5−2.5e−10t = 2.25

⇒ 0.25 = 2.5e−10t

⇒ 0.1 = e−10t

⇒ ln0.1 =−10t

⇒ ln0.1
−10

= t

⇒ 0.23 seconds = t.

v = 2.5−2.5e−10t

⇒ ds
dt

= 2.5−2.5e−10t

⇒ Distance travelled =
∫ 0.23

0
2.5−2.5e−10t dt

= 2.5t +0.25e−10t

∣∣∣∣∣
0.23

0

= 0.35 m.

(b) (i) We know that when x = R, i.e. when the spacecraft is on the surface of the earth, that
the gravitational force is equal to mg. Therefore

mg =
k

R2

⇒ mgR2 = k.

(ii) We have that x = 5R and speed v = 0 when t = 0, and that the gravitational force
acts towards the centre of the earth. Taking the direction outwards from earth to be
positive, this force acts in the negative direction and so

F =− k
x2

⇒ ma =−mgR2

x2

⇒ v
dv
dx

=−gR2

x2

⇒
∫

v dv =
∫
−gR2x−2 dx

⇒ v2

2
= gR2x−1 +C.
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The initial conditions v = 0 when x = 5R give

0 =
gR2

5R
+C

⇒−gR
5

=C

⇒ v2

2
=

gR2

x
− gR

5
.

We want v when x = R.

v2

2
=

gR2

R
− gR

5

=
4gR

5

⇒ v2 =
8gR

5

⇒ v =

√
8gR

5
.
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Question — 2016 Q10.

(a) (i) P changes direction when v changes sign, i.e. when v = 0 but a 6= 0.

a = 8t +4

⇒ dv
dt

= 8t +4

⇒
∫ v

−24
dv =

∫ t

0
8t +4 dt

⇒ v

∣∣∣∣∣
v

−24

= 4t2 +4t

∣∣∣∣∣
t

0

⇒ v+24 = 4t2 +4t

⇒ v = 4t2 +4t−24.

If v = 0,

4t2 +4t−24 = 0

⇒ t2 + t−6 = 0

⇒ (t−2)(t +3) = 0

⇒ t = 2,��−3.

At t = 2 a = 12 6= 0 and so the object changes direction at this time.
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(ii) The object changes direction at t = 2, so if we want the distance travelled and not
the displacement, we must separately calculate the distance travelled between times
0 and 2, and 2 and 3.

v = 4t2 +4t−24

⇒ ds
dt

= 4t2 +4t−24

⇒ Displacement between t = 0 and t = 2 =
∫ 2

0
4t2 +4t−24 dt

=

(
4t3

3
+2t2−24t

)∣∣∣∣∣
2

0

=
−88

3
.

Displacement between t = 2 and t = 3 =
∫ 3

2
4t2 +4t−24 dt

=

(
4t3

3
+2t2−24t

)∣∣∣∣∣
3

2

=−18− −88
3

.

=
34
3
.

Therefore the total distance travelled is∣∣∣∣−88
3

∣∣∣∣+ 34
3

=
122
3

m.
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Question — 2015 Q10.

(a) (i)

vA(4) = 42

= 16,

v+B = 6(4)−0.5(4)2

= 16.
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(ii) If sA, sB are the displacement of A, B from O, then sA(0) = sB(0) = 0 and

vA = t2

⇒ sA(4) =
∫ 4

0
t2 dt

=
t3

3

∣∣∣∣∣
4

0

=
64
3
.

vB = 6t−0.5t2

⇒ sB(4) =
∫ 4

0
6t−0.5t2 dt

=

(
3t2− 1

6
t3
)∣∣∣∣∣

4

0

=
112

3
.

Therefore the distance between them is 112
3 −

64
3 = 16 m.

(iii)

1 2 3 4

4

8

12

16

(b) (i)

M(x) = 74+1.1x+0.03x2

⇒ dC
dx

= 74+1.1x+0.03x2

⇒C(x) =
∫

74+1.1x+0.03x2 dx

⇒C(x) = 74x+0.55x2 +0.01x3 +D.

Under the assumption that V (0) = 0 and so C(0) = F ,

F = D

⇒C(x) = 74x+0.55x2 +0.01x3 +F.
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(ii)

C(160)−C(120)

=
(
74(160)+0.55(160)2 +0.01(160)3 +F

)
−
(
74(120)+0.55(120)2 +0.01(120)3 +F

)
=32800.

(iii)

C(10) = 3500

⇒ 3500 = 74(10)+0.55(10)2 +0.01(10)3 +F

⇒ 2695 = F.


