Colllsiom} Exam Question

Note These exam questions are answered in reverse chronological order as they appear in
exam papers; 2023 paper, Sample paper, 2022 (deferred), 2022, and so on back to 2015. They
are answered in the style described in my notes. As the collisions portion of the syllabus is
unchanged no questions from old syllabus exam papers have been excluded.

Question — 2023 Q2.

(b) Two smooth spheres, P and @, have equal radius and are of .
mass m and 2m respectively. P and @ collide obliquely. J
The line joining their centres at the point of impact lies along 7
the 7 axis.

Before the collision, sphere P moves with a velocity of 4 m s
. . . 4 3 5
at an angle « with the 7 axis, where sina = - ; :

Before the collision, sphere @ moves with a velocity of
3.2 ms~! perpendicular to the 7 axis.

The coefficient of restitution between the spheres is e, where
0<e<1.

Calculate, in terms of e, the velocity of each sphere immediately after they collide

If sina = ‘51 then we can draw a triangle to show that cos o = %, tano = ‘3—‘. Then the initial
velocity of P satisfies

u1:4cosa?—|—4sinaf
12 e, e 16 -
SitS
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Then we have the following information about the collision.
Before Mass After
u1=15*2i+i5*6j mp =m V1=Pi+1§6j;

uzz?j my =2m vzzqi-i-lséj
miuy +mouy = mvy +movy
12
=m <5> +2m(0) = mp +2mq
12
= —=p+2.
5
vi—vy=—e(u; —up)
12
=>p—q=—e|——-0
p-a=—e(2-0)
12
=——-t.
5
Substituting out p from the second equation using the first,
12
g 2
5 pP+2q
12
= ——-2
5 q=7D;
so that
12
— = ——0e
P—q 5
:>12 ) 12
=L W= — ez
5 471775
12 12
= e — 22
=757 5°¢
N 4+4
=—-+_e
17575
N 12 ) 4 4
=——-2(=+=e
P=s 55
12 8 8
=——=-——¢
5 5 5
4 8
=—-——e.
5 5
Therefore the final velocities are
4 8 ?+16ﬁ
vi=|-—=ze] i+—
1 573 J
4+4 i 16 -
v=|=-+=e —
2= \575°) """ 5/




Question — Sample Q4.

Question 4

(@)

(i)
(ii)

A ball is projected from a point on horizontal ground, with initial speed u and at an angle «
to the horizontal. The ball reaches a maximum height of H; above the horizontal.

Upon landing, the ball bounces with a maximum height of H;.

The coefficient of restitution between the ball and the ground is e.

Calculate 22.

Hy
The ball continues bouncing. Find an expression (in terms of e and Hy) for He, the maximum
height of the ball after it lands on the ground for the fifth time.

Two identical smooth spheres, P and @, each
moving with speed u, collide obliquely. The line
joining their centres at the point of impact is along
the 7 axis.

Before the collision, the velocity of sphere P makes
an angle @ with the 7 axis and the velocity of sphere
Q makes an angle 8 with the J axis, as shown in the
diagram.

The coefficient of restitution between the spheresis e, where 0 <e < 1.

After the collision sphere Q moves off parallel to the J axis.

tan -1
tan 6+1°

If 25% of the spheres’ total kinetic energy is lost during the collision, calculate 8 and e.

Show that e =

(a)

Using (u,0):
(i) First, we can find Hy easily enough.

X-axis y-axis

Uy = UCOS O uy—:usinoc
vy =ucosa v,=0
a,=0 ay=—g

S = sy =Hy

(g = =




2_ 2
vy = U +2aysy

= 0 = u?sin’ o — 2gHj
= 2gHy = u? sin” o
u?sin” o

= Hy = 22

We have the following UVAST array representing the two journeys, ending when the
object is at height H;.

First Part Second Part Extra Equations
X-axis y-axis X-axis y-axis
Uyl = UCOSQL Uy] = usin Uy = UCOSOL Uy =
Vil = UCOSOL  Vy| = Vo =ucosa vy =0
_ _ _ _ Uys = —€Vyl
ay =0 ay1 = —8 ap =0 y = —8
Sx1 = Syl = 0 Sx2 = $y2 = H,
Ix1 =10 yy =1 In=0n hy=10n
First,
e Myl + Vyl ¢
ylI = ) yl
usin @ + vy
=0=(—2 g
2
= 0=usin6 +vy;
= —usin@ =v,.
Then
Uyp = —€Vy]
= eusin6.
Finally
2 2
Vyp = Uy +ay28y2
= 0= e?u’sin® o — 2gH,
= 2gH| = u’sin’ a
e2u?sin® o
=H =—.
28
Therefore
utsin® a
H _ "2
Hy T 2sinfa
2g
2

=€ .
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(i) H, is a geometric sequence with common ratio 2 and first term (n = 1 term) H; =
e2Hy. Therefore

Hs = 2 Hy ()"

= elOHO.

Using (p,q):
(i) First, we can find Hj easily enough.

X-axis  y-axis

Uy=p Uy,=4¢q
ww=p vy=0
ax=0 ay,=—¢g
S = sy =Hj
L= ty=
v =u?+2ays
y %y Yoy
= 0=q*>—2gH
:>2gH0:q2
2
q
= Hy=—.
0 2

We have the following UVAST array representing the two journeys, ending when the
object is at height H;.

First Part Second Part Extra Equations
Xx-axis  y-axis Xx-axis  y-axis
Ul = p Uyt =¢q U =p Uyp =
Vx1 = Vyl = Vx2 = vy =0
X P Yy X P Vy yy = —evy
a1 =0 a,=-—g ap=0 ap=—g
sst= 81 =0 s = sp=H
=h hLi=n n=h =0
First,
Uyl + Vyl
y y
Syi = | ——— | ¢
vl ( ) ) vl
+ Vy1
=0= L 2 h
2
=0=g+vy
= —q= Vyl.
Then
Uy = —evy

eq.




Finally
V§2 = u§2 + ay28y
=0= ezq2 —2gH,
= 2gH; = é*¢*
2.2
=H = ﬂ
28
Therefore
€2q2
H_ 2
- 2
H %g
=%

(i) H, is a geometric sequence with common ratio 2 and first term (7 = 1 term) H; =
e2H,. Therefore

Hs = *Hy(?)*
= elOH().
(b)

(i) We have the following initial information. Notice how v, has no ?component as we
were told it moves purely in the j direction after collision.

Before Mass After
ulzucos9?+usin6f m =M v1:p?+usin6f
uzz—usin9?+ucos6f my =M vzzof—l—ucosef

Let’s apply our standard two equations to the 7components of the initial and final
velocities.

miuy +nmpuy = mvy +mpvy
= Mucos8 —Musin@ = Mp

= ucosO —usinf = p.

vi—v2 = —e(u) — )
= p—0=—e(ucosO +usinb).

Letting our expressions for p be equal,

ucos® —usin@ = —e(ucos 6 + usin0)
usin® —ucos 0

—_——  —e.
ucos 6 +usin 0




Dividing by cos 6 (so that we can introduce tan 0) and cancelling the u,

sinf
cos 6

LSt —o

sin 6

1+ cos 6

N tan0 — 1
—— = €.

1+tanf

(i) Using p = ucos 6 — usin @ (as it’s more simple than the other version of p that uses
e) and calculating the kinetic energies before and after we have

Mu?>  Mu?
K-E-Before — T + T
= Mu’.
V2 V22 2
M+/(ucos® —usin0)2 + (usin6) M(ucos0)
K-E-After = ) + D)
M (u* cos? 6 — 2u? cos Osin 6 + u? sin® 0 + u? sin’ 6)  Mu’cos>
a 2 2
B M (2u2 c0s2 0 — 2u? cos 0 sin O + 2u? sin® 9)
a 2

= Mu? (cos2 0 — cos Osin O + sin? 6).

If 25% of the kinetic energy is lost then 75% is remaining and so

= cos? 0 — cos Osin O + sin”> 6 = 0.75
= [cos2 0 + sin? 6] —cosBOsin® =0.75

1
=1 3 sin(20) = 0.75
1
=5 = sin(26)
=30°,150° =26

= 15°,75° = 0.

Finally,

tan15°—1 tan75° —1

e:
1+tan15°’ 1 +tan75°
B 1 1
V33

As we need e >0, e = - and 6 = 75°.

V3
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Question — 2022 (Deferred) Q5.

(a) A smooth sphere, P, of mass 3m collides directly with another smooth sphere, Q, of
mass 5m. P and Q are moving in opposite directions before impact with speeds 4u and
2u respectively. The coefficient of restitution for the collision is e.

(i) Find the speed of P and the speed of Q after impact interms of u and e.

(ii) If Pand Q are moving in the same direction after impact, show that 0 <e < é

(b) A smooth sphere, A, of mass m collides obliquely with u

another smooth sphere, B, of mass m.
Before impact, A is moving with speed u at an angle a to the /
line of centres of the spheres, where 0° < a < 45°. W

B is at rest before the impact.

The coefficient of restitution for the collision is e.
(i) Find the speed of A and the speed of B after impact in terms of u, e and a.

(ii) Giventhat A is deflected through angle a because of the collision, show
thattan?a = e.

(a)

(i) Taking the direction of the P sphere as the positive direction,

miuy +mpuy = mvy +myv;
= 3m(4u) + 5m(—2u) = 3mv| + 5mv,
= 2u = 3vy + 5v;.

vi—vy=—e(u; —up)
= —e(4u—(—2u))
= —6eu

= v = vp — beu.
Plugging this back into the first equation,

2u =3(vy — 6eu) +5vs
=3y, — 18eu+5v;

= 8vp — 18eu
= 2u+ 18eu = 8vy
u+9eu
= V.

4




Then

vi = vy — beu

_u+9eu 24eu
4 4
7u—153u
4

(i) e > 0 always. As vy > 0, if P and Q are travelling in the same direction then

vi >0
u—15eu
—

=u—15eu>0

>0

= u> 15eu

1
= — >e.
15>e

b O

Before Mass After
Uy =ucosqi+usine j my=m vi=pi+tusina j
u, =0 m;=m vy=qi

miuy +nmpuy = mvy +mpvy
= m(ucosa)+m(0) = mp+mgq
= ucoso = p—+gq.

vi—vy = —e(ur —uz)
= p—q=—e(ucosa—0)

= —eucos .

p+qg=ucosa
(+) p—q=—eucoso

2p = UCOS QL — eucos o
=ucosa(l —e)
ucosa(l—e)
S
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p+qg=ucoso
(=) p—q= —eucosa

2g = ucos @ + eucos o
=ucosa(l+e)
_ucoso(l+e)
= f.

Therefore the speed of A is

vi| = \/(”‘“’S'O;“_e)>2+(usina)z

B \/u%osza(l —2e+¢€?)
- 4

+u?sin®a.

As we weren’t asked to show the speed in a specific form there’s no need to try and
simplify this. As B moves horizontally after collision the speed of B is simply

ucoso(1l+e)
|V2| = f

(i) The slope of u; is tan . The slope of v; is

usin o 2usin
%(1*") ~ ucosa(l—e)
2tan o
==

Therefore the angle of deflection, tan ¢, is also equal to

tan o — 2tan o
tano = :t—zlt;sa
1 + tan aﬁ

tana(l —e) —2tan
_ian( e) an

- l—e+2tan’
—tano —etan o

T Tl —et+2tan’a

The numerator is negative and the denominator is positive, and as tanco > 0 the

+ — — so that
ana tano +etan o
angt = ————
l1—e+2tan’ o
1+e
=1=

1—e+2tan
=1—e+2tan’a=1+e

= 2tan’ o = 2e

= tanzoz =e.
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Question — 2022 Q5.

(a)

(b)

A smooth sphere A of mass 2m, moving with speed 3uon a 3u
smooth horizontal table collides directly with a smooth sphere >

PLE
B of mass m, moving in the opposite direction with speed u. @
The coefficient of restitution between A and B is e.
Find, in terms of uand e,
(i) the speed of each sphere after the collision
(ii) the magnitude of the impulse imparted to B due to the collision.

The loss of the kinetic energy due to the collision is kmu?(1 — e2).

(iii) Find the value of k.

A smooth sphere P has mass m and speed u. It collides p Q
obliquely with a smooth sphere Q, of mass m, which is at
rest. Before the collision, the direction of P makes an angle ﬁ

a with the line of centres, as shown in the diagram. M
u
The coefficient of restitution between the spheres is %

During the impact the direction of motion of P is turned through an angle 5.

2tana

Show that tan ﬁ = m.

(a)

(1) If uy, my, vi correspond to sphere A and uy, my, v, correspond to sphere B, then
using the principle of conservation of momentum,

miuy +mouy = mvy +mpvy
2m(3u) +m(—u) = 2mv; +mv,
= Su=2v|+v;.

Using the coefficient of restitution equation,

vi—vy=—e(u; —up)

= —deu.
Solving the system of equations

Su=2v|+vy,

—deu=v; — vy
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in v1, vz by solving for v; in the first equation and substituting it into the second,

Su—2vi=w
= —deu=v; — (Su—2v)

=v; —5Su+2v
= Su—4eu = 3v;
Su—deu
#—VI
:>V2:5u—2<su_4€u)
3
~ 15u  10u—8eu
-3 3
_ Su+38eu
==

Note that as 0 < e < 1 we can tell that vy, v, are positive and so are the speeds and
not just the velocities of the spheres.

(ii) The magnitude of the impulse imparted to B is given by

1= mz(Vz — Ltz)

8u+ 8eu
3 )

=m

(iii) Calculating the loss of kinetic energy ourselves,

mlu% mzu%
22
_ 2m(3u)*  m(—u)?
=72 T3
- 18mu®  mu?
2 T2
_ 19mu?
2
mlv% sz%
2 2
o)’ (e’
2 2
2’,”251,4274'061,42+16e2u2 m25u2+806u2+64ezu2

_ 9
- 2 Al 2

50mu® — 80emu® + 32¢*mu®  25mu® + 80emu? + 64e*mu>
= -
18 18
B 75mu? + 96e%mu?
N 18
B 25mu® + 32e*mu?
= - )

K. E-Before =

K. E-After =
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Therefore the loss in kinetic energy is given by

19mu?  25mu® + 32¢2mu? _ 5Tmu®  25mu? + 32e2mu?

2 6 6 6
B 32mu? — 32e2mu?
N 6
_ 16mu® — 16€*mu?
N 3
16
== (mu® — e*mu’®)
16
= ?muz(l —é?).
Therefore
16
k=—.
3
(b) We have the following initial information.
Before Mass After
= Ucos o i+ usina f m=m v)= p?—i—usina f
uy =0 my=m Vo) = q?

Let’s apply our standard two equations to the ?components of the initial and final velocities.

miuy + mouy = myvy +movo
= mucos o+ 0 =mp+mgq
= UCosSt = p—+q.

Vi—Vy = —e(u1 — uz)
1
=>p—q= —gucosa.
We only care about p, so adding these equations

p+q=ucoso

1
(—i—)p—q:—gcosa

2
2p = gucosa

1
=p= Zlcos a.

See that the slope of v| = %ucos o i+ usina jis

usin o
= 3tanc.
FUCOS O
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The slope of u; is tan . As both are positive f is acute and tan f3 is positive. Therefore

tano — 3tan o
1+3tan
_ —2tan

- T 1+43tan’a

_ 2tano

~ 1+43tan2a’

tanff = +
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Question — 2021 Q5.

(a)

(b)

A smooth sphere A of mass 4m, moving with speed v on a smooth
horizontal table collides directly with a smooth sphere B of mass m,

—
moving in the opposite direction with speed u. @
The coefficient of restitution between Aand B is e.

(i) Find the speed, in terms of u and e, of each sphere after the collision.

u

The magnitude of the impulse on B due to the collisionis T.

(i) Show that 2= < T < 222,

A smooth sphere P has mass 2m and speed u. It collides
obliquely with a smooth sphere Q of mass m which is moving
with speed ku, as shown in the diagram. 60°

u
+—

Before the collision, the direction of P makes an angle o
of 30° to the line of centres. After the collision, the u
direction of P makes an angle of 60° to the line of

centres.

The coefficient of restitution between the spheres is e.

V3(1-e)
2(1+e)

(i) Showthatk=

(ii)  Find the speed of Q immediately after the collision.

Iy

ku

(a)

(i) Taking the direction of sphere A as the positive direction,

miuy +mouy = mivy +nmpvy
= 4m(u) +m(—u) = 4mvy; +mv,
= 3u=4v| + ;.

vi—vy=—e(u; —up)
= —e(u—(—u))
= —2eu.
4vi +vy = 3u

(+)vi — vy = —2eu

Svi =3u—2eu
3u—2eu

=V = 5
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Then
4vi+vy, =3u
—2
:>43u576u+vz:3u
N 154 12u— 8eu
Vp—=——
2775 5
_3u+86u
= : .

(i) The impulse imparted onto B is

T=my(vi—up)

- 8u+ 8eu
— )

. <8u+58(o>u> rem <8u—|—§(1)u>

As0<e<1,

:>8mu<T<l6mu
5 -~ — 5 °

(b) (i) Using the fact that cos30° = g, sin30° = %, we have the following information
about the collision.

Before Mass After
w=Y 8] my=2m v=pi+4]
uy = —kui my=m Vo=gqi
We also know that

u
tan60° = 2
p

=v3= L

2p
=2V3p=u

u

=p=
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Then applying our usual two equations,

miuy +mpuy = mvy +mpvp

=2m <\/2§u) +m(—ku) =2m <2\u/§> +mgq

u

:>\f3u—ku:\/§—|—q
i(\@—k—%)u:q
2
é(\@—k)u—q
vi—vy = —e(u; —uy)
u 2 _ V3u
ﬁm—(ﬁ—k>u —e( 7 —(—ku))
3u - V3eu
_ﬁ+k ) —eku
3 V3e
i—m—{—k——T—ek
3 V3e
=>k+ek:m—T
;»k(1+e):3_‘2/§\2[36)
_ 3-3e
~ 2V3(14e)
_ 3(1—e)
"~ 2V3(14e)
_\@(l—e)
2(1+e) °

(i) As Q moves horizontally after the collision, its speed is

(2 V3(-e

2T\ 20149 )"
_(2v3 V3(1—e)

“\ 3 T 20t )"
_(4V3(1+e) 3V3(1-e)
“\T6(1te)  6(1te )"
_ [4V/3+4/3e—3V3+3V3e
- 6(11e) .

V3473
T 6(lte) ¢
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Question — 2020 Q5.

(a) A smooth sphere A of mass m, moving with speed 3u on a smooth 3y u
horizontal table collides directly with a smooth sphere B of q ¢
mass 2m, moving in the opposite direction with speed u.
The directions of motion of A and B are reversed by the collision.
The coefficient of restitution between Aand B is e.
(i) Find the speed, in terms of u and e, of each sphere after the collision.
Subsequently B hits a wall at right angles to the line of motion of A and B.
The coefficient of restitution between B and the wall is %
After B rebounds from the wall there is a further collision between A and B.
(i) Show that% <e< i

(b) A smooth sphere P has mass m; and speed u. p Q
It collides obliquely with a smooth sphere Q, of mass my,
which is at rest.
Before the collision the direction of P makes an angle of 30° o
to the line of centres, as shown in the diagram.
The coefficient of restitution between the spheres is e. u
Prove that P will turn through a right-angle if 4m, = (3e — 1)m,.

(a) (i) Taking the direction of the A sphere as the positive direction,

miuy +mouy = mvy +nmpvy
= m(3u) +2m(—u) = mvy +2mv,
= u=v|+2v,;.

vy —vp = —e(u) —up)
= —e(Bu—(-u))
= —4deu

= v; = vy —4eu.
Plugging this into the first equation,

u—=vy—4eu+2v,
= u—+4eu=3v,

u—+4eu
=v
3 2
u-+4deu
=V = 3 —4eu
_ u+4deu 12eu
B 3 3
u— 8eu

3
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As we are explicitly told that A changes direction we know v; < 0, so that the speed
of A is

Vil =—v
- 8eu—u
3

(ii) Letting v3 be the velocity of B after it hits the wall,

1
V3= —=V
3 7V2

lu—|—4eu

2 3
u+4eu

g

As both A and B change direction after the collision (given in question) we have
v1 < 0,vy > 0. vy >0isclear as 0 < e < 1 and so is unhelpful, but

v <0
u— 8eu
3
=u—8eu<0

<0

= u < 8eu

1
= -<e.
3 e

As A and B collide again,

VvV > V3
u—8eu u-+4eu
3 7 6
= 2u— 16eu > —u—4eu

= 3u > 12eu

1
= —>e.
17

(b) Using the fact that cos 30° = ? sin30° = %, we have the following information about the
collision.

Before Mass After

ulZ@H—%j mo=m vi=pi+ts]

uy =0 my =my vo=qi
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Applying our usual two equations to the collision,

miuy +mpuy = mvy +mvp

V3u
= m (2 +my(0) = myp+mag

V/3um,
A

=mp+maq.

vi —vp = —e(u) —up)

=p—q=—e <\/2§M—0>

V3eu
) o

We only care about P and therefore p, so using the second equation to substitute g out of
the first,

V3eu
2

pP—q4=—

\/geu_
2 _q

V3um,
2

=p+

=

3eu
=mip-—+mp <P+ \[2 )

\/geumz

=mp+mp+ )

N V/3um, B V3eun;
2 2

N V3u(my — emy)
2(m1 —i—mg)

= (my +my)p

The slope of the final velocity of P is therefore

2
V3u(my —emy)
2(my+my)

B 1
 VB(mi—emy)
(my4my)

my —+my

- V3(my —emy)’

my =

The slope of the initial velocity of P is tan30° = - If 4m; = (3¢ — 1)m; then the slope

S
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of the final velocity of P is

my+m;  4mp+4my

V3(my —emy)  /3(4my — demy)
_ (Be—1)my+4m;
~ V3((3e—1)my — demy)
. 3emy — my +4my
B V3(3emy —my — 4ems)
_ 3emy+3my
V3(—emy —m;)
_ 3e+3
=~ Blee—1)
3(e+1)

—V/3(e+1)
3

A

IRV
V3T V3

the slopes before and after collision are at right angles to each other.

—1
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Question — 2019 Q5.

(a)

(b)

A small smooth sphere A, of mass 3m moving with speed u, collides directly with a
small smooth sphere B, of mass m moving with speed u in the opposite direction.

The coefficient of restitution between the spheres is %

(i)  Find, in terms of u, the speed of each sphere after the collision.

After the collision B hits a smooth vertical wall which is perpendicular to the direction
of motion of B. The coefficient of restitution between B and the wall is g

The first collision between the spheres occurred at a distance 2 metres from the wall.
The spheres collide again 4 seconds after the first collision between them.

(ii) Find the value of u.

A smooth sphere P, of mass 2m, collides with a smooth sphere Q, of mass m.
The velocity of P is 3u 7 + 4u j and the velocity of Qis —4u 7 + 3u J, where T is along
the line of centres at impact.

P Q
The coefficient of restitution between the spheres is g m

Find
(i) interms of u, the speed of each sphere after the collision W

(ii) the angle between the directions of P and Q after the collision.

(a)

(1) Letting the direction of the A sphere be the positive direction,

miuy +mouy = mpvy +movy
= 3m(u) +m(—u) = 3mv; +mv,
= 2u=3v|+vs.

vi—vy=—e(u; —up)
= 2 (-w)
==
Adding these equations,
3vi+vy =2u
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(i1) It takes B

Su u

2 8
— — — seconds
4 5

to hit the wall. In this time A travels
ug 2
—— = —1m
45u 5
If v3 is the speed of B after collision (speed is easier to deal with here as this is
becoming more of a linear motion problem) then
2

V3 = gVQ

The spheres collide again 4 — % seconds after B hits the wall. In this time the distance
travelled between them is

6
—3u—g.
As this distance is 2 — % = % metres,
6 8
:>3u:154
:>u:Em/s.
() (@
u1:3ui_—‘|—4uj_) my =2m v1:p£+4u£
uy=—4ui+3uj m=m vy=qi+3uj

miuy +mpuy = mvy +mpvy
= 2m(3u) +m(—4u) = 2mp + mq
=2u=2p+gq.

Vi — V) = —e(ul = M2)
5
= p—q=—=Cu—(-4u))
= —5u.
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Adding these equations,

2p+qg=2u
(+) p—q=—5u

3p = —3u
=p=—u
=2u=2(—u)+gq
=4u=q.

The speed of P is therefore

Vil = /(=) + (4u)?

= Vu?+ 16u?
=V 17u.

The speed of Q is therefore

Vi =/ (4u)? + (3u)?

= /1612 +9u?

= Su.

(ii) As the velocities are quite numerical and we already have the speeds it’s easier to use
the dot product formula than the angle between two lines formula. If 6 is the angle
between v; and v, then

ViV

Va2

—u(4u) +4u(3u)

 V1Tu(5u)

8u?

D SV/IT2
8

T 517
= 0 =67°.

cosO =
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Question — 2018 Q5.

(a) Three identical small smooth spheres A, B and C,

. . . Su 2u 4u
each of mass m, lie in a straight line on a smooth —» -« —
horizontal surface with B between A and C.

Spheres A and B are projected towards each other
with speeds 5u and 2u respectively, and at the same
time Cis projected along the line from B away from B with speed 4u.
The coefficient of restitution between each pair of spheres is e.
After the collision between A and B there is a collision between B and C.
(i) Find, in terms of e and u, the speed of each sphere after the first collision.
(i) Showe > g
(iii) Ife = i show that B will not collide with A again.
(b) A small smooth sphere P, of mass 2m, moving with speed 4u,
collides obliquely with an equal smooth sphere Q, P Q u
of mass 3m, moving with speed u.
Before the collision the spheres are moving in opposite @
directions, each making an angle a to the line of centres, as a
shown in the diagram.
1
The coefficient of restitution between the spheres is - du
(i) Find, in terms of v and a, the speed of each sphere after the collision.
After the collision the speed of P is twice the speed of Q.
(ii) Find the value of a.
(a) (i) As the spheres are identical we can assume they’re all of mass m.

miuy +mouy = mvy +mnmpvy
= m(5u) +m(—2u) = mv| +mv,
= 3u=v|+v;.

vi—vy = —e(u; —up)
= —e(5u—(—2u))

= —Teu.
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Adding these equations

vi+v =3u
(+) vi —vp = —Teu

2v; =3u—"Teu
N 3u—"Teu
V= —
! 2
3u+Teu
=3Uu=——F7"-—+nm
2
:>6u 3u—"Teu
O
2 2 2
3u+Teu
— = .
5 2

(i1) Because there is a collision between B and C,

vy > 4u
3u—+Teu

2
= 3u+Teu > 8u

= Teu > Su

> 4u

= >5
e =,
7

(iii) If e = 2 then

_
R

Studying the collision between B and C and calling the final velocities v3,v4 respec-
tively, our usual two collision equations give us

m (9;) +m(4u) = mvs +mvy

17u
= 7 :V3+V4
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(b)

and

Adding the equations (because we don’t actually care about v4)

17u
V3+vg = 7
3u
(+) vz —vs= 7
113u
2 -
V3 14
Lo 113u
vy = T
As vz > v A and B don’t collide again.
(1)
Before Mass After
= ducos ot i+ 4usino f my=2m v = p7—|—4usina f
Uy = —UCOSALi—usina f my=3m vy= q?’—usina f

Applying our usual two equations to the collisions,

miuy +mpuy = myvy +movy
= 2m(4ucos @)+ 3m(—usin ) = 2mv; + 3mv,
= Sucos o = 2vq + 3vs.

Vi —Vy = —e(u1 —uz)

1
= ~3 (4ucosa — (—ucosa))

= —ucoso
= V] =V —uUcosd
= Sucos ot = 2(v, —ucosa) + 3v;
=2vy —2ucos o+ 3v;
= Tucosa = 5v;

7
= —UCOSOl = Vy
5
7
=y = gucosa—ucosa

2 (04
= —ucosa.
5
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The speed of P after the collision is therefore

’ 2
vi| = (Sucosa> + (4usino)?

4
= \/25uzcos2 o + 1612 sin? .

The speed of Q after the collision is

- 2
vi| = (Sucosa> + (—usin@)?

49
= \/25u2 cos? a + u?sin’ a.

As we were not asked for the speed in a specific form there is no need to attempt to

simplify this further.

(ii)

[vi| = 2w,
4 D ey DI 49 B mrmcd DY)
= 4/ —u*cos* o+ 16u=sin” o¢ = 24/ —u*cos* o + u* sin“ o
25 25
49 .
—u*cos’ o -+ u? sin® Ot)

4
= Euzcosza—i- 16u?sin> o = 4 (25

6 .
2 cos? o + 4u’ sin’ o

=554
192
= 12u*sin> o = —u*cos* o

25
sinfa 16
cos2a 25

2
=tan" o = —
an 25
=tano = —
an 5

= o =39°.
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Question — 2017 Q5.

(a) Asmall smooth sphere A, of mass 1-5 kg, moving with speed 6 m s7%, collides
directly with a small smooth sphere B, of mass m kg, which is at rest.
After the collision the spheres move in opposite directions with speeds vand 2v,
respectively.
80% of the kinetic energy lost by A as a result of the collision is transferred to B.
The coefficient of restitution between the spheres is e.

Find (i) thevalue ofv
(ii) the value of e.

(b) A small smooth sphere P, of mass 3m, collides obliquely with
a small smooth sphere Q, of mass 7m, which is at rest.

Before the collision the velocity of P makes an angle o
with the line joining the centres of the spheres.

o
After the collision the speed of Qs v. M/
2
The coefficient of restitution between the spheres is -

(i) Find, interms of vand a, the speed of P before the collision.

(ii) If @ = 30° find the angle through which the direction of motion of P is
deflected as a result of the collision.

(a) (i) Taking the initial direction of A as the positive direction, it is clear that B is travelling
in this direction after collision. Then

miuy +mpyuy = myvy +movy
= 1.5(6) + m(0) = 1.5(—v) + m(2v)
=9=—1.5v+2mv.

Vi — V) = —e(u1 — l/tz)
= —v—2v=—e(6)
= —3v=—be
7
—=e.
2
If 80% of the kinetic energy lost by A is transferred to B, then let’s explore that. The
kinetic energy lost by A is given by
myu? B mp? 1.5(6)? B 1.5v?

2 2 2 2
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The kinetic energy gained by B is simply

myvs  m(2v)?
22
=2mv’.

Therefore if 80% of the first amount of energy is transferred to the second,

4 3
- (27 — 4v2> =2mv?

5
108 3
? — gvz = 2mV2
108 3
102 10

From the first equation,

9=—1.5v+2my

3
= §v+9:2mv

3
= -+ —=m

3 9 108 3
T 2012
Zaty i 10 2D
= 15v2 +90v = 216 — 61>
=21V +90v—216 =0

=V +30v—72=0

12
= V= 7,7"6

(i1) From earlier work,

(b) (i) Let the speed of P before the collision be u. As the speed of Q after the collision is v
we have the following information about the collision.

Before Mass After
uy =ucosai+usina j m;=3m vi=pitusina j
u, =0 my ="Tm Vo) =Vi

We want u in terms of v and «. Applying our usual two equations of motion,

miuy +mouy = mvy +mpvy
= 3m(ucos &) +Tm(0) = 3mp + Tmv
= 3ucosa =3p+7v.
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vi—vy = —e(u; —up)
2
=p—v= —7(MCOSOC—O)
2
:>p:v—7ucosoc.

Plugging this back into the first equation,

2
3ucosa =3 (v— 7ucosa> +7v

6
=3v— 5ucosa+7v

27
= 7ucos(x =10v

N 70v
u= o
27 cos o
(i) If o = 30° then retracing our steps,
70v
u—-——
27 cos30°
_ 140v
27V3

Then

2
p=v— ?MCOS3OO

2 140v /3
=y — — —
7273 2
B 1 140v
7 27
Tv

Therefore if 0 is the angle of P after collision,

usin o

p
140v 1
27+/32
Tv
27
70

tan @ =

S

T
10

= 0 =280°
so that P is deflected
80° —30° = 50°

by the collision.
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Question — 2016 Q5.

(a) Two small smooth spheres A, of mass 2 kg, and B,
of mass 3 kg, are suspended by light strings from a
ceiling as show in the diagram. The distance from
the ceiling to the centre of each sphere is 2 m.

L

Sphere A is drawn back 60° and released from rest.
A collides with B and rebounds. B swings through
an angle 6.

. N .3
The coefficient of restitution between the spheres is R

(i)  Show that A strikes B with a speed of /2g ms .

(ii) Find the speed of each sphere after the collision.
(iii) Find the value of 6.

(b) Two identical smooth spheres P and Q collide.
The velocity of P after impact is 37/ — j and the
velocity of Q after impactis 27 + j, where j is “
along the line of the centres of the spheres at impact. P
The coefficient of restitution between the spheres is % . |H
Find

(i)  the velocities, in terms of i and j, of the two spheres before impact

(ii) to the nearest degree, the angle through which the direction of motion of P is
deflected by the collision.

(a) (1) When calculating potential energies we will consider the initial position of A and B
to be height 0. If A is swung back 60° then its height / can easily be calculated.

Figure 1
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2—h
60° ==~

COS 3
=1=2—h
=1=h.

If v is its velocity just before it hits B then

PE.. +K.E.i. =PE.,+KE.,
2

émg(l)—i—OzO—l—%

:>2g:v2

= /28=V.
(i1)
miuy +mouy = mvy +mpvy

=2+/2¢+0=2v;+ 3,
= 24/2¢ =2vi + 3v,.

vi— vy = —e(u) —up)
_ _Z@.
Solving this system of equations by substitution,
VI —Vy = —e@
= gﬁg
Then
2\/27g =2v;+ 3w

:>2\/@—2<v2—z\/@>+31@

Then
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(iii) First lets find the height that B rises to. If it rises to a height of 4 before coming to
rest then

PE.. +K.E.;, =PE., +K.E.,

m(Hvz)’

=0+ > =mgh+0
49¢
— =gh
~ 100
=049=h

Then our diagram is as follows.

Figure 2
Then
1.51
60=—
cos >
= 0 ~41°.

(b) (1) This time, in contrast to most exam questions, the i velocities are the ones that
don’t change. Also the j velocities after are known, but not before. So letting the
Jj velocities before collision be p and g this is the information we know about the
collision.

Before Mass After
u1:3?+pf mp=m v1:3?—]_"
u2:2?—|—q‘7 my=m V2:2?+‘7

Applying our usual two equations to the j components of the velocities,

miuy +nmouy = mvy +mpvy
=mp+mq=m(—1)+m(l)
=p+q=0.
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vi—vy=—e(u; —up)

1
= _l—-1l=—=(p—
2@ q)

=4=p—q.
Solving
p+q=0,
p—q=4
gives
p=2,
q=—2.

(i) The angle of inclination of the velocity of P before collision is

mnl(i)::3369?

The angle of inclination of the velocity of P after collision is

—1
-1 o
t — | = —18.43".
an ( 3 )

Therefore the angle of deflection is

33.69° — (—18.43°) &~ 52°.
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Question — 2015 Q5.

(a) A small smooth sphere A, of mass 2m, moving with
speed 9u m s, collides directly with a small smooth —» —»
sphere B, of mass 5m, which is moving in the same @ @
direction with speed 2u m s
Sphere B then collides with a vertical wall, rebounds and collides again with sphere A.
The wall is perpendicular to the direction of motion of the spheres.
The first collision takes place 35 cm from the wall.
. I .4
The coefficient of restitution between the spheres is 5
. I .5
The coefficient of restitution between sphere B and the wall is 7R
(i) Show that, as a result of the first collision, A comes to rest.
(ii) Find the time between the two collisions between A and B in terms of u.
(b) Two identical smooth spheres, P and Q, collide.
The coefficient of restitution is 1.
The velocity of P before impactis ai + bj and the velocity of Q before impact is
¢i + dj,where i isalong the line of the centres of the spheres at impact.
After impact the direction of motion of P makes an angle a with their line of centres and
the direction of motion of Q makes an angle £ with their line of centres.
bd
Show that tan a tan f = .
ac
(a) (i) First studying the collision between A and B,

miuy +nmpuy = mvy +mpvy
= 2m(u) + 5m(2u) = 2mv| + Smv;
= 28u =2v; + 5v,.

vi—vy=—e(u; —up)
4
= —§(9u—2u)
_ 28u
-5

= 5v; — 5vy, = —28u.
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Adding these equations,

2v1 +5v, =28u
(+) 5v1 —5v, = —28u

7V1 =0
=v; =0.
@i1) If vi =0 then
28u=0+5v
28u
— = V7.
5 2

As this is turning into a linear motion problem it’s simpler to find the speed of B
after it hits the wall. If this speed is v3 then
5

V3 = EVQ

_ 5 (28w
14\ 5
=2u.

The total time taken for B to complete both 35 cm trips from A’s resting point to the
wall is

0.35 " 035 19
Bu " 2u 80u
(b) As the spheres are identical we can assume they are both of mass m.

Before Mass After
w=ai+bj m=m vi=pi+bj
w=ci+dj] m=m vww=qi+dj

Applying our usual two equations of motion,

miuy +mouy = myvy +movy
= ma-+mc =mp +mq
=a+c=p+tgq.

vi—vp = —e(u) —up)
=p—q=—(a—c)
=b—a.
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Adding these equations,

ptg=a+c
(H)p—g=c—a

2p="2c
=p=c.
Then
ptg=a+c
=Cct+qg=a+tc
=qg=a.
Therefore
b (d
tanotanf = — ()
P \4q
_b(d
~c\a

‘ S

Q
9




